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What’s different in rotating &/or stratified turbulence? 

•  Examples of rotating stratified flows and Boussinesq eqs. 
•  Resolving characteristic scales, taking into account all 

parameters 
•  Direct and inverse cascades in homogeneous isotropic 

turbulence 
•  Bi-directional constant-flux energy cascades & oceanic mixing 
 
•  Development of large vertical velocity in stratified flows 

•  Bolgiano-Obukhov scaling and the role of potential energy 

•  Role of helicity (velocity-vorticity correlations) 
 
 
 
 



Kolmogorov:  
“I soon understood that there was 
little hope of developing a pure, 
closed theory*, and because of 
absence of such a theory the 
investigation must be based on 
hypotheses obtained on 
processing experimental data.”  
 
* of turbulence 



Taylor-Green non-helical forcing, 
kF=4,  5123 grid, Ro=0.35  

 

Mininni & AP, 2009	


Rotation, no stratification, vorticity	


ß ABC forcing, zoom 

kF=7, 15363 grid 
 Re=5100, Ro=0.06 



15363 grid, kF=7, 
 Re=5100,  
 Ro=0.06 Helical ABC forcing 

Mininni & AP,  2010 

30723 grid, 
kF=4,	

Re~ 24000, 
Ro~0.07	

	

	

Mininni et al., 2012	


versus	


LΩ ~ lmin	

	


LΩ ~ 30 lmin	

Box width: L0/8	




 
The emergence of strong velocity fields 

Rorai et al. 2014 



Properties of the equations of motion
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Figure 6. Anemograph trace for Bellambi Point on 26 December 1996 (wind speed in knots), taken from Batt and
Leslie (1998), Fig. 7.

We can see from Figure 1 and Figure 2 that there is coherent large scale organisation in the flow, such as the cloud
band with waves extending SW to NE across the Atlantic. There is also a region of regular cellular convection south
of Iceland, and, in Figure 2, a regular gravity wave-train extending across Ireland and Scotland. It is well-known
that many different types of organisation are possible, depending on the atmospheric state and the space and time-
scales examined.

Figure  7. Daily sea-level pressure maps for December 1999, from Weather Log (Royal Meteorological Society).

In operational medium-range forecasting, the prime job is to predict the coherent motions associated with weather

Intermittency which manifests itself as heavy tails in Prob. Distrib. Fns. 	

  Problem for e.g. wind farms	


Strong jumps	


 ``Intermittency’’ 
Stochastic wind 



   Ishihara et al., 2009 

                                                           Fluid     Turbulence at 40963 resolution 
                                                                                                        Rλ ~ 1200 
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Figure 4
Snapshot of the intensity distributions of (a) the energy-dissipation rate ε̃ = ε/(2ν) and (b) the enstrophy # = ω2/2 on a cross section in
DNS-ES at Rλ = 675 in arbitrary units.

distribution functions (PDFs), as in Figure 5. As expected, the PDF is far from Gaussian. It is
also slightly skewed, and the skirts of the PDF increase with Re.

To understand how the PDF depends on Re, Ishihara et al. (2007) analyzed the dependence
on Rλ of the skewness S of the longitudinal velocity derivative and found that −S tends to-
ward a constant (∼0.5) with increasing Rλ up to Rλ ! 200, whereas it increases algebraically
(0.34 R0.11

λ ) with Rλ when Rλ > 200, in agreement with the experimental data compiled by Sreeni-
vasan & Antonia (1997). This implies that the PDF of the gradient normalized by its standard
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Normalized probability density functions of (a) the longitudinal velocity gradients ∂u/∂x and (b) δuL

r for various separation distances
rn = 2n(x, n = 0, 1, 2, . . . 9, where (x = 2π/1024. The inertial range separation corresponds to n = 5 and 6, which is rn =
98η and 196η, respectively. The orange curve is Gaussian, the green ones comprise the energy-containing range, the blue curve is the
inertial range, and the red curve is the dissipation range at Rλ = 460. Panel a redrawn from Ishihara et al. 2007, and panel b is from
Gotoh et al. 2002.
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Velocity differences δu(l) 
on distances l ~ 2n Δx 
 
 
 
They are Gaussian at large scale, 
and with heavy tails at small scales 

2

over time of the di↵erent structures, similarly to the case
of shear layers. These long-time correlations can lead to
so-called 1/f noise, itself known to have PDFs with fat
wings in a variety of problems (see, e.g., [19, 20]).

However, resolving properly the PBL and its cloud
content, let alone the microphysical processes that play
an important role in its dynamics, is far out of reach of
present-day high-performance computing. One can take
the opposite approach, namely to simplify the problem
to its bare bone. This is what we propose in this Letter,
on the one hand deriving a simple model that can show
a stronger intermittency for stronger gravity waves in
a plage of parameters, and on the other hand perform-
ing high resolution direct numerical simulations (DNS)
of the Boussinesq equations, as a function of the dimen-
sionless parameters of the problem, namely the Reynolds
and Froude numbers, Re = U0L0/⌫ and Fr = U0/[L0N ],
with U0, L0 characteristic velocity and length scale, N

the Brunt-Väisälä frequency and ⌫ the kinematic viscos-
ity. This study also aims at clarifying the interactions of
linear waves and nonlinearities (here, advection) in form-
ing extreme events that can be stronger than in the fully
turbulent regime, given proper coupling.

The model One di�culty in modeling turbulent flows
lies in estimating the pressure term which, in an incom-
pressible fluid, is highly non-local. One has to consider
the complex coupling between the vorticity and shear
(the anti-symmetric and symmetric parts of the velocity
gradient tensor). A simple model of such behavior was
developed in [21] that led to the possible existence of a
singularity in the inviscid case when isotropizing the pres-
sure Hessian. This model, sometimes called restricted
Euler dynamics, has proven very useful in analyzing the
development and the statistical and geometrical (align-
ment) properties of intermittent structures in a variety of
turbulent flows; a thorough recent review of the di↵erent
models emanating from such ideas is found in [22].

Since the property we want to stress in this Letter is
that of intermittency, one can focus on the simplest of
such models, taking into account only the longitudinal
component of the velocity structure function,

�u

x

(`) = hu
x

(x + `) � u

x

(x)i; this leads to

d

t

�u

x

= ��u

2
x

/` . The equation immediately shows
the enhancement of �u

x

, as observed for example for the
Navier-Stokes equations for which the skewness (normal-
ized third-order moment) of velocity gradients is negative
and of order unity.

When coupling this evolution to that of transverse
modes, the run-away evolution of �u

x

is damped but
strong gradients still form; similarly when including a
passive scalar [23]. Adding now the buoyancy term
present in the Boussinesq equations for an incompress-
ible stably stratified flow (see e.g. [24–26]) to the passive
scalar model in [23], and restricting the evolution to two
modes, both at a scale ` (the temperature fluctuations ✓

FIG. 1. Time evolution of vertical velocity gradients �w in
the model of eq. (1) for ` = 0.3, and N=0 (no stratification,
solid line), 2, 4, 8, 12 and 16 (respectively dot, dash, dash-dot,
dash-double-dot and finally long dash lines). Note the faster
evolution towards negative gradients at intermediate values
of N, before oscillatory behavior takes over for large N.

and the vertical velocity component w), we obtain:

d

t

�w = ��w

2
/` � N�✓ , (1)

d

t

�✓ = ��w�✓/` + N�w ,

taking again longitudinal (i.e., vertical) di↵erences in the
structure functions. In the purely rotating case, a model
similar to that in eq. (1) was developed in [27] where it is
concluded that there is a weakening of negative skewness
in the presence of rotation. Note that a wavelet analysis
of turbulence with shear concludes as well to weakening
of strong gradients in the presence of rotation [28].

System (1) has only one (trivial) fixed point (�w =
0, �✓ = 0). For weak stratification, one recovers the
Euler behavior of strong negative gradients, and in the
opposite case (N >> 1), system (1) reduces to that
of two harmonic oscillators of frequency N that are in
phase. However, the two terms (non-linear and oscilla-
tory) become comparable when �w ⇠ �✓ ⇠ N` in a range
of scales. Note that this corresponds to the balanced
spectrum E(k

z

) ⇠ N

2
k

�3
z

which has been predicted and
observed in many instances in the atmosphere and the
oceans (see e.g. [29] and references therein). This can
also be expressed as a function of a length scale which
varies as 1/N and, as such, is akin to the so-called buoy-
ancy length scale L

B

= U0/N (this scaling for both the
kinetic and potential energy does not preclude, however,
a lack of equipartition between the two fields).

Stronger vertical gradients are observed in Fig. 1 from
a numerical integration of eq. (1), with ` = 0.3 and N

varying between 0 and 16; for U0 = 1, this corresponds
to Froude numbers down to a value of 0.18. [TRUE?
Initial conditions are u(t = 0) = u0 = 1, ✓(t = 0) =
✓0 = 1.] [Pablo: would it be useful to try 2 Froude

Grid size 



Skewness of vertical velocity in the convective 
planetary boundary layer 

Lenschow et al., 2012 

Higher-Order Vertical Velocity Moments 115
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Fig. 5 Profiles of vertical velocity skewness in the CBL. The symbols are observations from previous experi-
ments, as described by Moeng and Rotunno (1990). The black circles intersected with horizontal lines (which
indicate the standard deviation of the measurements) are from AMMA (Redelsperger et al. 2006), the dark
grey circles are from the Minnesota experiment (Wyngaard 1988), the light grey circles are from AMTEX
(Lenschow et al. 1980) and the coloured lines are the averaged LIFT observations (the horizontal magenta
lines through the magenta circles are the standard deviations of the LIFT observations). The thin lines are
LES results (Sullivan and Patton 2011) and the green line is the thermal model of S

Skewness is a measure of the asymmetry of the w probability distribution. Again there is
considerable scatter and a definite increase of S with increasing instability. The only case
that stands out here is Day 16, which has a maximum of S ≈ 1.5 in the middle of the
CBL; but again, this case has the poorest sampling statistics. On average, these results,
including the scatter, are similar to aircraft observations reported by Lenschow et al. (1980,
1994), and Gryanik and Hartmann (2002). Figure 4 also shows an empirical formulation
〈w3〉/w3

∗ = 1.2 z∗(1 − 0.7 z∗)3 based on Gryanik and Hartmann (2002), but with the coeffi-
cient increased from unity to 1.2 to better approximate the results of Lenschow et al. (1980).
We see good agreement with the average of the LIFT results; generally, the results of Gryanik
and Hartmann (2002) are larger than the LIFT results, even though their range of values of
zi/L , 10–20, is in our ‘least unstable’ category.

Figure 5 shows both the observations and the LES results. We see that, on average, the
modelled and LIFT values of S are in good agreement up to about z∗ ≈ 0.5. However,
above that level, the LIFT observations vary considerably with stability. In contrast, the LES
results show little variation with stability. The LES results lie between the most convective
cases, which continue to increase monotonically with height, and the overall average. The
least convective LIFT cases decrease somewhat with height and are in close agreement with
previous observations and AMMA observations where we see a maximum of S ≈ 0.6–0.7

123

 Z normalized by  
 boundary layer depth 
 
LIFT: Lidar In Flat Terrain 
* Aircraft measurement 
 
   Δx=30m, Δt=1s 
 
 LES on 5123 points  
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Fig. 7. Skewness at 850 hPa for the synoptic-scale fluctuations of zonal (a, b) and meridional (c, d) wind and the zoomed plots for 850 hPa of the
zonal wind in the North Atlantic (e) and of the meridional wind in the South Pacific (f) for January (a, c, e) and July (b, d, f).

meridional winds from a Gaussian process in all the discussed
above regions with high values of Su′ and Sv ′ , since the absolute
values of Sst,u′ and Sst,v ′ in those regions are larger in magnitude
than 2.

In our paper, we do not analyse the synoptic-scale vorticity
skewness Sζ ′ . The field of Sζ ′ (not shown in the paper) appears to
be much more patchy, as compared to Sω′ , Su′ and Sv ′ fields, which
makes it doubtful the estimation of the statistical significance of
the deviation of the synoptic-scale vorticity from the Gaussian
process. This is because the initial ERA40 reanalysis data on
the vorticity are rather noisy and reflect much more small-scale
features than those on the horizontal winds (Bengtsson et al.,
2004b). For that reason, the cyclone/anticyclone asymmetry, as
an example, which is expected to be well traced by Sζ ′ , is actually
not distinctly followed by this field, as opposed to Sω′ .

3.1.5. Summary of the results on skewness of the synoptic-
scale variations. The comparison of Figs. 1a, b, 3a, b, 5a, b
and 7a, b clearly points to dissimilar geographic patterns for
the skewnesses of the synoptic-scale vertical velocity, tempera-
ture, specific humidity, and horizontal winds. This, in particular,
casts some doubts upon the occurrence of the universal spa-
cial scale for the synoptic eddies (and the accompanying baro-
clinic zones), for all the discussed above variables, specifically
in the atmosphere with different moisture content in different
regions.

In the foregoing, we discussed some probable reasons for
non-Gaussianity of the synoptic-scale skewnesses of the con-
sidered variables. However, we can by no means exclude the
alternative explanations for a non-Gaussian character of the free-
troposphere synoptic component. We have already mentioned a

Tellus 60A (2008), 1

Skewness of temperature (ERA40 data) 
                           Petoukhov et al., 2008 

Troposphere  
27 years (Y>1976) daily sampled, 5 vertical levels, Δx ~ 250km (code: 40km) 



Shear flow 
Pumir 1996 

IV. VELOCITY AND REYNOLDS SHEAR STRESS
PROBABILITY DISTRIBUTION FUNCTIONS

Probability distribution functions ~PDF! of fluctuating
quantities are of obvious interest in the study of turbulent
flows. The existence of a momentum flux in turbulent shear
flows, given in our units by ^uv&, is an important feature of
our flow. Here we study the PDF of the components of the
velocity ~u , v , and w!, along with the PDF of the momentum
flux, uv . They have been studied in detail in the case of wall
bounded turbulent shear flow, both experimentally and nu-
merically. As pointed out already, strong similarities exist
between wall bounded turbulent shear flows and homoge-
neous shear flow, as considered here. However, the latter
flow is symmetric under the transformation: (x ,y ,z)!(2x ,
2y ,z). Clearly, such a symmetry is broken by the wall in
turbulent boundary layers. Our results therefore differ in
some important respect from the results on wall bounded
shear, flows ~especially for the PDFs of individual compo-
nents of the velocity!, but some analogies remain, in particu-
lar for the properties of the momentum flux, uv .

The PDF of u , v , and w are shown in Figs. 3, 4, and 5,
respectively. Contrary to the distribution of u , which is very
close to Gaussian, the distributions of v and w have more
extended tails, suggestive of exponential tails. Good statistics
~i.e., long integration times! are necessary to capture these
tails accurately. The PDFs appear to be essentially indepen-
dent of the Reynolds number. These distributions are all
symmetric, because of the symmetries of the problem:
(x ,y ,z)!(2x ,2y ,z) and (x ,y ,z)!(x ,y ,2z). In contrast,
the dimensionless even moments of the fluctuations of the
velocity components in homogeneous, isotropic turbulence
are known to be slightly smaller than the values obtained for
a Gaussian distribution.

The joint PDF of u and v is shown in Fig. 6. It varies
slightly with the Reynolds number, at fixed aspect ratio. In

particular, the correlation coefficient, R5^uv&/
(^u2&1/2^v2&1/2) varies between '20.45 ~for Re52630! and
'20.40 ~for Re511 280!, at fixed aspect ratio, n51. There
is also a variation of the correlation coefficient with the as-
pect ratio: R'20.45 for n51 and R'20.38 when n58, at a
Reynolds number of Re52630. Such a variation results in a
~slight! rotation of the isoprobability lines shown in Fig. 6.
The dashed line in Fig. 6 shows the fit by a normal joint
probability distribution function, with the same correlation
coefficient. Consistent with the fact that the PDF of u is

FIG. 3. Normalized histogram of the streamwise component of the velocity,
u , for run 1. The distribution is Gaussian, up to statistical errors @its nor-
malized fourth moment ~flatness! is 3.1#.

FIG. 4. Normalized histogram of the normal component of the velocity, v ,
for run 1. The distribution is significantly broader than the Gaussian distri-
bution with the same rms @its normalized fourth moment ~flatness! is 3.7#.

FIG. 5. Normalized histogram of the normal component of the velocity, w ,
for run 1. The distribution is significantly broader than the Gaussian distri-
bution with the same rms @its normalized fourth moment ~flatness! is 3.6#.
The influence of the Reynolds number on the shape of the histograms shown
in Figs. 3–5 is very small.
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Figure 5. Probability distribution functions of field fluctuations for radial velocity (top), radial magnetic field (center), and density (bottom), at different time lags. For
each plot, PDFs are computed separately for set 1 (Yaglom scaling: full line) and for set 2 (absence of Yaglom scaling, dotted line).

alignment between velocity and magnetic field in each 11 day
window.

The values of 〈|σc|〉 and 〈rms(|σ̃c|)〉 are plotted separately
for the regions with (squares, solid line) and without (circles,
dashed line) scaling. Both the scaling ratio and the averaged
pseudo-energy transfer rate correlate with the solar activity.
In the II semi-orbit, characterized by very low solar activity,
samples with scaling are rare (∼10%), while in the I and
III semi-orbits, the enhanced solar activity produces a larger
scaling ratio (∼50%). Moreover, anti-correlation between the
absolute value of normalized cross-helicity and solar activity
exists. Importantly, such anti-correlation only holds when the
Yaglom scaling is present, while 〈|σc|〉 is roughly constant in
the remaining samples, confirming the direct link between the
presence of the MHD cascade and the cross-helicity. These
observations suggest the importance of the solar input for
solar wind MHD turbulence. The local variability of |σc| could

therefore explain the presence (and the irregular character) of
the MHD cascade in the globally Alfvénic solar wind. Lower
cross-helicity states are indeed associated with MHD scaling
regions, while higher cross-helicity samples seldom satisfy the
Yaglom law. The bottom panel of Figure 6 indicates a higher
degree of fluctuations of the local alignment when the MHD
cascade is observed. This further confirms that the correlation
with solar activity and the energy transfer rate only exists for
the MHD Yaglom scaling regions.

To resume, as the wind blows away from the Sun in the
interplanetary space (see Figure 3), velocity and magnetic field
fluctuations become less correlated, and the MHD Yaglom law is
satisfied in a larger and larger fraction of data. This observation
disagrees with the common MHD phenomenology of dynamical
alignment (Boldyrev 2005), for which the system spontaneously
evolves toward a large cross-helicity state (Dobrowolny et al.
1980). This suggests the possible need for an input mechanism

6

δvr: Solar Wind shear layers 
Marino et al., 2012 

!fitðtÞ ¼ A½"ðt% t0Þ&1=2½1þ cðt% t0Þ& (3)

describe the data well [31]. The correction amplitude c
may be interpreted as allowing for interactions with other
vortices, velocity gradients, etc. The fits minimize #2 (
n%1 Pn

i¼1½ð!fit
i % !iÞ=$&2, where i denotes the movie

frame, $ ¼ 4 %m (0.25 pixels) is an estimate of the un-
certainty of the particle positions, and n ¼ 15, 20, and 25
for data collected at 60, 80, or 100 frames per second,
respectively. To fit reversed events, we use the same form
(3) with ðt% t0Þ replaced by ðt0 % tÞ. The distributions of A
and c for forward (reversed) events, determined from
50 heat pulses, are shown in black (red) in Figs. 4(b) and
4(c). These are calculated only from events with #2 < 4;
about 50% of the pairs satisfying (2) meet this #2 criterion.

To model the PDF of the velocity derived from particle
trajectories, we may use the transformation

Pr vðvÞ ¼ Prt½tðvÞ&jdt=dvj; (4)

where PrvðvÞdv is the probability of observing a velocity
between v and vþ dv at any time while PrtðtÞdt is the
uniform probability of taking a measurement at a time
between t and tþ dt. Hence, accepting the scaling relation
(1), we predict for large v (small t) the behavior

Pr vðvÞ / jdt=dvj / jvj%3: (5)

The vx and vz PDFs derived from all particle trajectories
for t > toff for the same pulse in Fig. 2 are shown in Fig. 3
(a). The solid lines are fits to (5) allowing for a mean flow.
To emphasize the distinction with classical turbulence, a
velocity PDF from an oscillating-grid experiment in water

 

FIG. 4 (color). Statistics of the reconnection fits. (a) Four
typical forward events. Symbols denote the measured separation
!ðtÞ of pairs of particles on reconnecting vortices with an
example error bar $ ¼ 4 %m, while solid lines show fits to
(3). (b) Normalized distributions of the amplitude A for
20 300 forward events (black circles) and 19 600 reversed events
(red squares). (c) Normalized distributions of the correction
amplitude c for the same 20 300 forward events (black circles)
and 19 600 reversed events (red squares).

FIG. 3 (color). Local velocity and energy statistics derived
from the data in Fig. 2 for all particle trajectories with t > toff
(computed from over 1:1) 106 values of velocity). All distri-
butions are scaled to give unit variance using $vx

¼ 0:066,
$vz

¼ 0:074 cm=s, or $E ¼ 0:017 ðcm=sÞ2. (a) Probability dis-

tribution function of vx (black circles) and vz (red squares). The
solid lines are fits to PrvðviÞ ¼ ajvi % !vij%3, where i is either x
(black) or z (red) and !vi is the mean value of vi. For comparison,
the dashed (blue) line shows the distribution for classical turbu-
lence in water [32] computed from over 107 velocity values. The
distribution is scaled using $v ¼ 0:25 cm=s and with a peak
value matched to the vx data. The velocity statistics in water
are close-to-Gaussian over five decades in probability.
(b) Probability distribution function of E ¼ ðv2

x þ v2
zÞ=2 with a

fit of the form PrEðEÞ ¼ aE%2 shown (in red).
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Fig. 7. Skewness at 850 hPa for the synoptic-scale fluctuations of zonal (a, b) and meridional (c, d) wind and the zoomed plots for 850 hPa of the
zonal wind in the North Atlantic (e) and of the meridional wind in the South Pacific (f) for January (a, c, e) and July (b, d, f).

meridional winds from a Gaussian process in all the discussed
above regions with high values of Su′ and Sv ′ , since the absolute
values of Sst,u′ and Sst,v ′ in those regions are larger in magnitude
than 2.

In our paper, we do not analyse the synoptic-scale vorticity
skewness Sζ ′ . The field of Sζ ′ (not shown in the paper) appears to
be much more patchy, as compared to Sω′ , Su′ and Sv ′ fields, which
makes it doubtful the estimation of the statistical significance of
the deviation of the synoptic-scale vorticity from the Gaussian
process. This is because the initial ERA40 reanalysis data on
the vorticity are rather noisy and reflect much more small-scale
features than those on the horizontal winds (Bengtsson et al.,
2004b). For that reason, the cyclone/anticyclone asymmetry, as
an example, which is expected to be well traced by Sζ ′ , is actually
not distinctly followed by this field, as opposed to Sω′ .

3.1.5. Summary of the results on skewness of the synoptic-
scale variations. The comparison of Figs. 1a, b, 3a, b, 5a, b
and 7a, b clearly points to dissimilar geographic patterns for
the skewnesses of the synoptic-scale vertical velocity, tempera-
ture, specific humidity, and horizontal winds. This, in particular,
casts some doubts upon the occurrence of the universal spa-
cial scale for the synoptic eddies (and the accompanying baro-
clinic zones), for all the discussed above variables, specifically
in the atmosphere with different moisture content in different
regions.

In the foregoing, we discussed some probable reasons for
non-Gaussianity of the synoptic-scale skewnesses of the con-
sidered variables. However, we can by no means exclude the
alternative explanations for a non-Gaussian character of the free-
troposphere synoptic component. We have already mentioned a

Tellus 60A (2008), 1

Skewness of temperature (ERA40 data) 
                           Petoukhov et al., 2008 
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gravity forces at scales large enough that nonlinearities
can be neglected; this balance is crucial for weather fore-
casting and simulations of climate change. However, the
consequences of geostrophic balance, as far as helical mo-
tions are concerned, has been mostly ignored except for
the pioneering work of Hide [17]. Helicity was hypothe-
sized to be important in the atmosphere in the dynamics
and persistence of rotating convective storms [18] on the
basis of the weakening of non-linear interactions in the
so-called Lamb vortex u×ω. Helicity is measured in the
context of forecasting storms and tropical tornadoes, in
particular in the presence of strong shear and it can be
used as an indicator of storm occurrence [19].

Since helicity is no longer an invariant in the absence
of dissipation, its presence in these atmospheric storms
must be explained but the physical mechanisms govern-
ing its creation, and the structures associated with it,
remain unclear. In this paper, we perform a paramet-
ric study using direct numerical simulations in which we
vary both rotation and stratification, and we show that
a rotating stratified flow can spontaneously create helic-
ity through a mechanism directly linked to geostrophic
balance at large scales.

II. EQUATIONS AND NUMERICAL PROCEDURE

We integrate the incompressible Boussinesq equations,
with solid-body rotation Ω and gravity g, anti-aligned in
the vertical (z) direction, with b the buoyancy (in units
of velocity), w the vertical velocity, P the pressure, ν
the viscosity, and κ the diffusivity (with unit Prandtl
number, ν = κ):

∂tu+ u ·∇u− ν∆u =−∇P −Nbez − 2Ωez × u ,(1)

∂tb+ u ·∇b− κ∆b = Nw , (2)

∇ · u = 0 . (3)

The Brunt-Väisälä frequency is N = [−g∂z b̄/b]1/2 where
∂z b̄ is the background imposed stratification; the iner-
tial wave frequency is 2kzΩ/k. The code is pseudo-
spectral with periodic boundary conditions in all direc-
tions and unit aspect ratio; it is parallelized with a hybrid
MPI/OpenMP method [20], and has been run on grids of
up to 81963 points (for short times), using up to 98304
compute cores.

The Froude, Rossby and Reynolds numbers are de-
fined, respectively, as

Fr =
urms

NLint
, Ro =

urms

fLint
, Re =

urmsLint

ν
,

with f = 2Ω, and with urms and Lint =
∫

[EV (k)/k]/EV

the rms velocity and integral scale evaluated around the
maximum of enstrophy; EV = 1

2

〈

u2
〉

is the kinetic en-
ergy. These parameters vary in the range 0.006 ≤ Fr ≤

 

−0.4

−0.2

0

0.2

0.4

 

H
T

 

 

N = 6.283    Fr  =  0.025
N = 1.256    Fr  =  0.12
N = 0.783    Fr  =  0.22

 

−0.4

−0.2

0

0.2

0.4

 

H
T

 

 

Fr = 0.012 N/f ~ 1.5    Ro  =  0.036
N/f ~ 3.0    Ro  =  0.073
N/f ~ 16.7  Ro  =  0.41

0 2 4 6 8 10 12
 
1

1.5
2

2.5
3

3.5
 

Fr = 0.012

N/f

eddy turnover time

En
st

ro
ph

y

 

 

1.0 1.5 2.0 2.5 3.0 4.0 8.0 16.7

FIG. 1: Temporal evolution of the total helicity (top) and
enstrophy (bottom), both for Fr ∼ 0.01, N = 12.56, varying
rotation (and thus N/f, see insets). Oscillations are propor-
tional to N and are due to gravity waves (middle).

0.27, 0.012 ≤ Ro ≤ 8.1, and Re ≈ 3000 for grids of 2563

points, and Re ≈ 8000 using 5123 points. Decay is left
to occur for 15 to 30 turn-over times, τNL = Lint/urms.
The initial velocity field is random, with all three compo-
nents non-zero, and it is centered around wavenumbers
k0 = [1, 2]. At t = 0, b = 0, and HV ≈ +0.2. Other
initial values have been used as well to ascertain that the
results are insensitive to them. In the ideal (ν = 0) case,
potential vorticity

PV = −fN + f∂zb−Nωz + ω ·∇b

is a point-wise invariant, and the total (kinetic + poten-
tial) energy ET = EV + EP is conserved as well, with
respective enstrophies (proportional to dissipation when
ν &= 0),

ZV =
〈

ω2
〉

, ZP =
〈

|∇b|2
〉

.

Note that PV is quadratic and thus its L2 norm is not
conserved in general by the truncation; however, the non-
linear term ω · ∇b can be neglected in the presence of
strong rotation and stratification [21].

III. RESULTS

A. The helical version of geostrophic balance

We start from the primitive Boussinesq equations given
above and simplify them using several hypotheses. As-
suming stationarity, weak nonlinearities and small dissi-

How do waves alter the dynamics? 
Stable Boussinesq stratification  gravity waves	


+ F	
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FIG. 6. (Color online.) Total energy spectra (a) as a function of isotropic wavenumber and (b,c) as a function of parallel
and perpendicular wave numbers respectively. (d) and (e) give the potential energy spectra again as a function of kk and k?.
Power-law solid lines are added for reference. The buoyancy scale is identifiable as a break in kk in the potential energy spectra.
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9

does predict this break ... any other idea?] The
buoyancy scale is also understood today in the context
of the theoretical developments in [23] advocating for a
developed turbulence in the vertical, leading to a vertical
Froude number Frz = Urms/[LzN ] of order unity.

The large-scale spectra are flat; this is due to the com-
bination of two factors: (i) the dominance of k? = 0
modes at large scales due to resonance interactions which
are stronger at large scales; and (ii) the organization of
the flow in the vertical direction in well-defined strata
with strong vertical gradients both in the velocity and
the buoyancy. It was shown for example in [19] that
a superposition of such strata can indeed lead to a flat
spectrum.

Finally, the helicity spectra are shown in Fig. 7, in
terms of the absolute value of the helical density. They
display, as in the decay case, a flat spectrum at large
scale and a steep spectrum at smaller scales, with a clear
break at the buoyancy scale, and also with changes of
sign in the small scales (hence the large fluctuations seen
in the figure).
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FIG. 7. (Color online.) Helicity spectra (in absolute value)
for the Fr ⇡ 0.1 (N = 4 run, left) and for Fr ⇡ 0.03 (N = 12
run, right). Note the flat spectra at large scale, up to what
can be identified as the buoyancy scale. [Cecilia: H

T

? OR
H

V

?]

IV. CONCLUSION AND DISCUSSION

We have shown in this paper that [XXX...]
Further studies are needed, and in particular because

there are several relevant scales that must be separately
resolved (see also the discussion in §IV).

One issue concerns the e↵ect that the choice of forc-
ing can have on the outcome of the simulations which
is far from evident (see for example the discussion in
[37]). Since in this paper we are interested in the devel-
opment of anisotropy, we chose a fully isotropic forcing
(and initial conditions). Moreover, forcing (and initial
conditions) need not be balanced since, again, our inter-

est is to study in its generality the structures that develop
dynamically in stratified flows.
[The next 2 to 3 paragraphs below were writ-

ten in response to my finding intermittency in
the velocity itself everywhere. I can shorten this
and reserve the rest for the next paper, on mix-
ing, where intermittency plays a big role as well
... Just let me know. Do remember, though
that this paper does not have a length constraint,
whereas for the intermittency paper, and for the
mixing paper perhaps as well, we still are under
constraints if we submit to PRL ...]

High amplitudes events in geophysical flows have been
documented for a long time, in di↵erent contexts. For
example, strong winds in blocking events in the atmo-
sphere are analyzed in [38], where a balance between
vorticity production and Ekman pumping is advocated.
Height and sea-level anomalies were found in [39] where
they were associated with resonant interactions between
baroclinic waves and the wind. More recently, order-
unity skewness for velocity, temperature and specially
for humidity were also found in atmospheric data at mid-
latitude, up to the free troposphere, and were associated
with storm tracks [40]. Non-zero skewness of the vertical
velocity is commonly observed in the laboratory and in
the convective boundary layer; for example, recent lidar
observations indicate a stronger skewness for more un-
stable flows [41]. These non-Gaussian structures are as-
sociated with random plumes with di↵ering updraft and
downdraft intensities; vertical velocities govern transport
and particle di↵usion and prove di�cult to model, in-
cluding when one uses Large Eddy Simulations at high
resolution [42].
Intermittency is also observed in the stable plane-

tary boundary layer, and in Langmuir circulation in the
ocean. In all cases, it is associated with the presence of
strong coherent structures such as jets in baroclinic tur-
bulence [43, 44]. Quasi-normal closures taking into ac-
count temperature-vertical velocity correlations (as well
as non-zero skewness) have been derived in [45–48]. They
lead for example to a better description of mixed-layer in-
stabilities and mixed-layer eddies in ocean modeling, and
in their interactions with air and sea-ice [49]. It can also
be noted that the weak turbulence theory, using for ex-
ample the random phase approximation, does not imply
zero skewness and thus allows for intermittency. This
happens either because of some small non-normality in
the initial conditions [50] or because of the way the weak
turbulence breaks down due to its non-uniformity in scale
[51].
The development of intense and localized structures in

stably stratified turbulence can be modeled in a simple
way [52]; potential applications to the nocturnal plane-
tary boundary layer and to mixing in the atmosphere and
the oceans and to the consequences for climate modeling
will be examined in future works. Intermittency is closely
linked to mixing and anomalous transport in turbulent
flows. Measurements of turbulent energy dissipation in
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FIG. 5. (Color online.) Two-dimensional total energy spectra for Fr ⇡ 0.1 (N = 4, left) and Fr ⇡ 0.03 (N = 12, right) for
co-latitudes (with respect to the vertical) ✓ = 0 (black, solid line), ✓ = xx (blue, dash line), ✓ = xx (purple, dash-dot line),
✓ = xx (green, dash-triple dot line), ✓ = xx (yellow, dotted line), and finally ✓ = ⇡/2 (red, solid line). Observe the dominance
of energy in the k? = 0 slow mode, all the way to the Ozmidov scale where isotropy recovers. Power-law solid lines are added
for reference.

2. The resulting one-dimensional energy spectra

The one-dimensional total energy spectra are given in
Fig. 6 for the two flows, together with their decomposi-
tion into their variations with either kk or k?; we show as
well the potential energy spectra. They are averaged over
[XX] turn-over times, after the peak of enstrophy. It was
remarked in [26] that two-dimensional spectra (and con-
tours) shown in Fig. 4 and Fig. 5 may represent more
realistic diagnostics of the flow dynamics, given the wide
variety of spectral slopes they display when varying the
angle between imposed stratification and wavevector. If
the Ozmidov scale appeared rather naturally in the pre-
ceding figure since it can be defined as the scale at which
isotropy recovers, the buoyancy scale appears more easily
in the present depiction of spectra, in particular exam-
ining the potential energy component, EP (kk). These
spectra are flat at large scale, and show a break towards
a steep slope at a scale which is roughly the buoyancy
scale defined as Urms/N . The potential energy spectra
in terms of k? may well follow a �5/3 spectrum, which
could be justified on the basis of the dynamics of a passive
scalar following the (small-scale) Kolmogorov evolution
of the velocity field (note that the coupling to the velocity
is through the vertical velocity which is one order of mag-
nitude smaller than the horizontal velocity). [TRUE? (I
made the assertion on the basis of < W 2 >⇠ EP ).
Laval et al. 2004? find a growth of < W 2 > at late
times ...] Note that, using a Large-Eddy Simulation, the
transition from a steep (saturated) large-scale spectrum
to a Kolmogorov isotropic spectrum was observed in [37]
but only sporadically, when breaking events occurred.

The di�culty in interpreting the kinetic energy (and
total energy) spectra is that the di↵erent inertial ranges
are not well separated and therefore the di↵erent dynam-
ical forces at play interfere in a range of scales. It is
tempting to assert that there is enough evidence for a so-

called saturation spectrum in the vertical (specifically, at
scales smaller than the buoyancy scale but larger than
the Ozmidov scale). This is clearly the case in the run
with N = 12, whereas in the run with N = 4, this range
is not su�ciently resolved. It is equally tempting and
rather well accepted that an isotropic Kolmogorov range
recovers at scales smaller than the Ozmidov scale. This
is barely visible for the run with N = 4, and not avail-
able for the run with N = 12 since the ratio between the
Ozmidov scale and the Kolmogorov (dissipation) scale
is of order unity. One can nevertheless make the gen-
eral remark that potential and kinetic energy spectra are
steeper when stratification is stronger, that the spectra
in terms of k? are similar for both values of the Brunt-
Väisälä frequency, and finally that they are shallow at
scales larger than the buoyancy length scale.
[One ought perhaps to discuss here how such

scales can be defined, within a numerical factor
of order unity and that may well dependent on
details of the flow under study. ... See above,
concerning 2*pi versus epsilon] [Almalkie [22] ?
Waite? [17]]
The buoyancy wavenumber kB = 2⇡/LB is introduced

in [18] to take into account the fact that, in the La-
grangian framework, the buoyancy field is advected by
the velocity (although it is not a passive scalar) and thus
depends on the total kinetic energy. This leads to the
appearance of a sharp break in the buoyancy spectrum
at kB , a break not present for the kinetic energy spec-
trum. A simple interpretation of this hypothesis may be
that the the eddy decorrelation rate enters both in the
dynamics of the velocity and temperature field (through
advection), but that the Brunt-Väisälä frequency only
participates, in this buoyancy-dominated regime, in the
decorrelation of the buoyancy field but not int the ve-
locity field decorrelation which, for strong waves, is only
quenched due to the weakness of nonlinear interactions.
[AP: I am not really convinced but Weinstock

Isotropy at kOz~[N3/ε]1/2 : K41 beyond the Ozmidov scale 
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offshore atmospheric warming and nearshore upwelling
cooling (Marchesiello et al. 2003). The horizontal eddy
flux is dominated by mesoscale eddies, and it changes
only modestly across the ICC cases (not shown). How-
ever, the vertical eddy heat flux does exhibit a subme-
soscale transition. The flux divergences, !"zw#T # and
!"zw$T$, in Fig. 11 mainly act to restratify the bound-
ary layer by warming above and cooling below. Note
that this is a countergradient flux relative to the mean
stratification (albeit only marginally so in the weakly
stratified boundary layer). At the highest resolutions
(ICC0 and ICC1), the submesoscale flux dominates
over the mesoscale flux (which is largest in the near-
shore upwelling zone); offshore there is a 10-fold in-
crease of total eddy flux divergence magnitude from
ICC12 to ICC0 (fivefold from ICC6 to ICC0). Ex-
pressed as an equivalent solar heat flux warming the
upper half of the boundary layer, the contribution from

!"zw#T # is equivalent to 80 W m!2 200 km offshore
and 300 W m!2 nearshore.

The heating rate by submesoscale vertical eddy flux
divergence is about 5 times that by horizontal eddy flux.
However, the consequences of w #T # for T(x) are lim-
ited. In going from 12- to 0.75-km grid spacing, there is
only a 20% reduction in h, an increase in stratification
within the boundary layer (mostly near its base; even so
it remains weak relative to the pycnocline), and little
change in the surface temperature (SST)—less than
0.3°C in the domain average.

The explanation for the small sensitivity of T(x) to
w #T # comes from the mean heat balance. We demon-
strate this by comparing different terms in the domain-
averaged balance between cases ICC6 and ICC0. Be-
cause the mean SST values for the two cases are close,
the atmospheric heat fluxes are close (i.e., within 5 W
m!2), despite the SST-restoring formulation (section

FIG. 10. Rms velocity profiles: mean (dot–dashed), mesoscale (continuous), and submesoscale (dashed). Each
panel shows ICC0 (black lines) and ICC6 (gray lines). There are two additional w # profiles for ICC0 (dotted lines),
corresponding to conditional averages when the boundary layer is either between 20 and 30 m (with maximum rms
w # at 18 m) or between 30 and 40 m (with maximum rms w # at 25 m).

FIG. 9. Single-point PDFs for (left) %z/f0 at 10- (solid line) and 70-m depth (dashed line) and (right) w (day!1)
at 20-m depth for ICC0 (black lines) and ICC6 (gray lines). The dotted vertical lines in the left panel are %z & 'f0.
These PDFs are normalized only so that the total probability is equal to 1.
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over time of the di↵erent structures, similarly to the case
of shear layers. These long-time correlations can lead to
so-called 1/f noise, itself known to have PDFs with fat
wings in a variety of problems (see, e.g., [19, 20]).

However, resolving properly the PBL and its cloud
content, let alone the microphysical processes that play
an important role in its dynamics, is far out of reach of
present-day high-performance computing. One can take
the opposite approach, namely to simplify the problem
to its bare bone. This is what we propose in this Letter,
on the one hand deriving a simple model that can show
a stronger intermittency for stronger gravity waves in
a plage of parameters, and on the other hand perform-
ing high resolution direct numerical simulations (DNS)
of the Boussinesq equations, as a function of the dimen-
sionless parameters of the problem, namely the Reynolds
and Froude numbers, Re = U0L0/⌫ and Fr = U0/[L0N ],
with U0, L0 characteristic velocity and length scale, N

the Brunt-Väisälä frequency and ⌫ the kinematic viscos-
ity. This study also aims at clarifying the interactions of
linear waves and nonlinearities (here, advection) in form-
ing extreme events that can be stronger than in the fully
turbulent regime, given proper coupling.

The model One di�culty in modeling turbulent flows
lies in estimating the pressure term which, in an incom-
pressible fluid, is highly non-local. One has to consider
the complex coupling between the vorticity and shear
(the anti-symmetric and symmetric parts of the velocity
gradient tensor). A simple model of such behavior was
developed in [21] that led to the possible existence of a
singularity in the inviscid case when isotropizing the pres-
sure Hessian. This model, sometimes called restricted
Euler dynamics, has proven very useful in analyzing the
development and the statistical and geometrical (align-
ment) properties of intermittent structures in a variety of
turbulent flows; a thorough recent review of the di↵erent
models emanating from such ideas is found in [22].

Since the property we want to stress in this Letter is
that of intermittency, one can focus on the simplest of
such models, taking into account only the longitudinal
component of the velocity structure function,

�u

x

(`) = hu
x

(x + `) � u

x

(x)i; this leads to

d

t

�u

x

= ��u

2
x

/` . The equation immediately shows
the enhancement of �u

x

, as observed for example for the
Navier-Stokes equations for which the skewness (normal-
ized third-order moment) of velocity gradients is negative
and of order unity.

When coupling this evolution to that of transverse
modes, the run-away evolution of �u

x

is damped but
strong gradients still form; similarly when including a
passive scalar [23]. Adding now the buoyancy term
present in the Boussinesq equations for an incompress-
ible stably stratified flow (see e.g. [24–26]) to the passive
scalar model in [23], and restricting the evolution to two
modes, both at a scale ` (the temperature fluctuations ✓

FIG. 1. Time evolution of vertical velocity gradients �w in
the model of eq. (1) for ` = 0.3, and N=0 (no stratification,
solid line), 2, 4, 8, 12 and 16 (respectively dot, dash, dash-dot,
dash-double-dot and finally long dash lines). Note the faster
evolution towards negative gradients at intermediate values
of N, before oscillatory behavior takes over for large N.

and the vertical velocity component w), we obtain:

d

t

�w = ��w

2
/` � N�✓ , (1)

d

t

�✓ = ��w�✓/` + N�w ,

taking again longitudinal (i.e., vertical) di↵erences in the
structure functions. In the purely rotating case, a model
similar to that in eq. (1) was developed in [27] where it is
concluded that there is a weakening of negative skewness
in the presence of rotation. Note that a wavelet analysis
of turbulence with shear concludes as well to weakening
of strong gradients in the presence of rotation [28].

System (1) has only one (trivial) fixed point (�w =
0, �✓ = 0). For weak stratification, one recovers the
Euler behavior of strong negative gradients, and in the
opposite case (N >> 1), system (1) reduces to that
of two harmonic oscillators of frequency N that are in
phase. However, the two terms (non-linear and oscilla-
tory) become comparable when �w ⇠ �✓ ⇠ N` in a range
of scales. Note that this corresponds to the balanced
spectrum E(k

z

) ⇠ N

2
k

�3
z

which has been predicted and
observed in many instances in the atmosphere and the
oceans (see e.g. [29] and references therein). This can
also be expressed as a function of a length scale which
varies as 1/N and, as such, is akin to the so-called buoy-
ancy length scale L

B

= U0/N (this scaling for both the
kinetic and potential energy does not preclude, however,
a lack of equipartition between the two fields).

Stronger vertical gradients are observed in Fig. 1 from
a numerical integration of eq. (1), with ` = 0.3 and N

varying between 0 and 16; for U0 = 1, this corresponds
to Froude numbers down to a value of 0.18. [TRUE?
Initial conditions are u(t = 0) = u0 = 1, ✓(t = 0) =
✓0 = 1.] [Pablo: would it be useful to try 2 Froude

Dtδu(l) = - δu2 / l  
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A. Boussinesq equations

We start from the Boussinesq equations, which describe a
stably stratified flow with gravity in the vertical direction. For
the velocity u = (u,v,w) and potential temperature fluctua-
tions θ , the equations are

∂u
∂t

+ u · ∇u = −∇P − Nθ ez + ν$u + fV , (1)

∂θ

∂t
+ u · ∇θ = Nw + κ$θ, (2)

∇ · u = 0, (3)

where P is the pressure, κ = ν the diffusivity, and fV a velocity
forcing term. The square Brunt-Väisälä frequency is given by
N2 = −(g/θ )(d θ̄/dz), where θ̄ is the imposed background
stratification, assumed to be linear, and g is the gravity.

B. Simple model

We are interested in a simple model for the evolution of
the field variations. Estimating the pressure forces in Eq. (1),
which for an incompressible fluid are highly nonlocal, is dif-
ficult since one has to consider the coupling between vorticity
and shear. A simple one-dimensional model of such behavior
was developed in Ref. [17]. This model, sometimes called
restricted Euler dynamics, has proven useful in analyzing the
development and the statistical and geometrical properties of
intermittent structures in a variety of turbulent flows (see [18]
for a recent review).

For simplicity, in the absence of stratification one can
consider only vertical velocity differences δw in the vertical
velocity w at scale ', defined as δw(') = 〈w(x + 'ẑ) −
w(x)〉 ≈ '∂zw. Taking the spatial derivative of Eq. (1) in
the one-dimensional (1D) case, with θ = 0, and neglecting
pressure, forcing, and viscous forces yields

∂t (∂zw) + w∂z(∂zw) = dt (∂zw) = −(∂zw)2.

Then, for the velocity differences dtδw = −δw2/', this
equation immediately shows the temporal enhancement of
negative values of δw, as observed, for example, for isotropic
turbulent fluids for which the skewness of velocity gradients
is negative and of order unity.

When the flow is stably stratified, gravity acts as a
restitutive force allowing for oscillatory solutions (internal
gravity waves). Nonlinear coupling tends to transfer energy
towards modes with vertical spatial dependence, resulting
in the creation of horizontal layers in the fluid, and further
justifying the reduction to a 1D system. Under the same
hypothesis, for δθ ≈ '∂zθ , and from Eqs. (1) and (2) we obtain

dδw

dt
= −δw2

'
− Nδθ, (4)

dδθ

dt
= −δwδθ

'
+ Nδw. (5)

These equations can be considered as a crude 1D (vertical)
model of a stratified flow.

We can define the dimensionless Froude number Fr =
U/NL (with U and L characteristic velocity and length);
it quantifies the ratio between nonlinear and linear effects.
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FIG. 1. Evolution in time of vertical velocity variations δw in the
model of Eqs. (4) and (5) for ' = 0.2 and N = 0 (no stratification,
solid line), 2 (dotted line), 4 (dashed line), 12 (dash-dotted line), 20
(dash–triple-dotted line), and 30 (long-dashed line). Note the faster
evolution towards negative and strong vertical gradients at interme-
diate values of N , as it increases from 2 to 12, before oscillatory
behavior takes over for large enough N (here, corresponding to
N = 20 and 30).

The system of Eqs. (4) and (5) has only one fixed point
(δw = δθ = 0). For weak stratification (large Froude number),
one recovers the Euler behavior of strong negative gradients
and in the opposite case (N % 1, or small Froude number),
the model has oscillatory solutions in the vertical velocity and
temperature fluctuations (see Fig. 1).

The terms governing both (nonlinear and linear) behaviors
become comparable when δw ∼ δθ ∼ N'. When this is
satisfied in a range of scales, it corresponds to the balanced
energy spectrum E(kz) ∼ δw2/kz ∼ N2k−3

z , which has been
predicted and observed in many instances in the atmosphere
and the oceans (see, e.g., Ref. [19] and Fig. 2).

In Fig. 1 an interesting evolution is observed. In an
intermediate regime (specifically, here ' = 0.2 and N = 2,
4, and 12) and for initial δw and δθ > 0, δw becomes negative
(and diverges) unlike the case N = 0 and it does so faster
for larger values of N . In other words, the effect of waves
is rapidly amplified by the nonlinear term, resulting in a
catastrophic behavior. The runaway occurs as N increases
and before oscillations take over, in Fig. 1 for N > 12. Note
that, for N = 0 and initial δw < 0, large negative gradients do
eventually occur: This is the essence of the Vieillefosse model
[17,18], written to study the development of strong negative
gradients in homogeneous isotropic turbulence. However, they
do so more slowly than in the presence of gravity waves, as
shown in Fig. 1.

The large negative values of δw can be interpreted as the
signature of strong intermittent bursts. Note that for even
larger values of N , although the solutions become oscillatory,
they still display skewness (i.e., they have a tendency towards
more negative values of δw). On the other hand, if the initial
conditions are negative (δw,δθ < 0), the divergence is delayed
by increasing stratification.

The coupling of this evolution to that of the horizontal
velocity damps the runaway evolution of δw (because of
incompressibility) but strong gradients still form. For such
extensions, see Ref. [20], which presents a similar model
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A. Boussinesq equations

We start from the Boussinesq equations, which describe a
stably stratified flow with gravity in the vertical direction. For
the velocity u = (u,v,w) and potential temperature fluctua-
tions θ , the equations are

∂u
∂t

+ u · ∇u = −∇P − Nθ ez + ν$u + fV , (1)

∂θ

∂t
+ u · ∇θ = Nw + κ$θ, (2)

∇ · u = 0, (3)

where P is the pressure, κ = ν the diffusivity, and fV a velocity
forcing term. The square Brunt-Väisälä frequency is given by
N2 = −(g/θ )(d θ̄/dz), where θ̄ is the imposed background
stratification, assumed to be linear, and g is the gravity.

B. Simple model

We are interested in a simple model for the evolution of
the field variations. Estimating the pressure forces in Eq. (1),
which for an incompressible fluid are highly nonlocal, is dif-
ficult since one has to consider the coupling between vorticity
and shear. A simple one-dimensional model of such behavior
was developed in Ref. [17]. This model, sometimes called
restricted Euler dynamics, has proven useful in analyzing the
development and the statistical and geometrical properties of
intermittent structures in a variety of turbulent flows (see [18]
for a recent review).

For simplicity, in the absence of stratification one can
consider only vertical velocity differences δw in the vertical
velocity w at scale ', defined as δw(') = 〈w(x + 'ẑ) −
w(x)〉 ≈ '∂zw. Taking the spatial derivative of Eq. (1) in
the one-dimensional (1D) case, with θ = 0, and neglecting
pressure, forcing, and viscous forces yields

∂t (∂zw) + w∂z(∂zw) = dt (∂zw) = −(∂zw)2.

Then, for the velocity differences dtδw = −δw2/', this
equation immediately shows the temporal enhancement of
negative values of δw, as observed, for example, for isotropic
turbulent fluids for which the skewness of velocity gradients
is negative and of order unity.

When the flow is stably stratified, gravity acts as a
restitutive force allowing for oscillatory solutions (internal
gravity waves). Nonlinear coupling tends to transfer energy
towards modes with vertical spatial dependence, resulting
in the creation of horizontal layers in the fluid, and further
justifying the reduction to a 1D system. Under the same
hypothesis, for δθ ≈ '∂zθ , and from Eqs. (1) and (2) we obtain

dδw

dt
= −δw2

'
− Nδθ, (4)

dδθ

dt
= −δwδθ

'
+ Nδw. (5)

These equations can be considered as a crude 1D (vertical)
model of a stratified flow.

We can define the dimensionless Froude number Fr =
U/NL (with U and L characteristic velocity and length);
it quantifies the ratio between nonlinear and linear effects.
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FIG. 1. Evolution in time of vertical velocity variations δw in the
model of Eqs. (4) and (5) for ' = 0.2 and N = 0 (no stratification,
solid line), 2 (dotted line), 4 (dashed line), 12 (dash-dotted line), 20
(dash–triple-dotted line), and 30 (long-dashed line). Note the faster
evolution towards negative and strong vertical gradients at interme-
diate values of N , as it increases from 2 to 12, before oscillatory
behavior takes over for large enough N (here, corresponding to
N = 20 and 30).

The system of Eqs. (4) and (5) has only one fixed point
(δw = δθ = 0). For weak stratification (large Froude number),
one recovers the Euler behavior of strong negative gradients
and in the opposite case (N % 1, or small Froude number),
the model has oscillatory solutions in the vertical velocity and
temperature fluctuations (see Fig. 1).

The terms governing both (nonlinear and linear) behaviors
become comparable when δw ∼ δθ ∼ N'. When this is
satisfied in a range of scales, it corresponds to the balanced
energy spectrum E(kz) ∼ δw2/kz ∼ N2k−3

z , which has been
predicted and observed in many instances in the atmosphere
and the oceans (see, e.g., Ref. [19] and Fig. 2).

In Fig. 1 an interesting evolution is observed. In an
intermediate regime (specifically, here ' = 0.2 and N = 2,
4, and 12) and for initial δw and δθ > 0, δw becomes negative
(and diverges) unlike the case N = 0 and it does so faster
for larger values of N . In other words, the effect of waves
is rapidly amplified by the nonlinear term, resulting in a
catastrophic behavior. The runaway occurs as N increases
and before oscillations take over, in Fig. 1 for N > 12. Note
that, for N = 0 and initial δw < 0, large negative gradients do
eventually occur: This is the essence of the Vieillefosse model
[17,18], written to study the development of strong negative
gradients in homogeneous isotropic turbulence. However, they
do so more slowly than in the presence of gravity waves, as
shown in Fig. 1.

The large negative values of δw can be interpreted as the
signature of strong intermittent bursts. Note that for even
larger values of N , although the solutions become oscillatory,
they still display skewness (i.e., they have a tendency towards
more negative values of δw). On the other hand, if the initial
conditions are negative (δw,δθ < 0), the divergence is delayed
by increasing stratification.

The coupling of this evolution to that of the horizontal
velocity damps the runaway evolution of δw (because of
incompressibility) but strong gradients still form. For such
extensions, see Ref. [20], which presents a similar model
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A. Boussinesq equations

We start from the Boussinesq equations, which describe a
stably stratified flow with gravity in the vertical direction. For
the velocity u = (u,v,w) and potential temperature fluctua-
tions θ , the equations are

∂u
∂t

+ u · ∇u = −∇P − Nθ ez + ν$u + fV , (1)

∂θ

∂t
+ u · ∇θ = Nw + κ$θ, (2)

∇ · u = 0, (3)

where P is the pressure, κ = ν the diffusivity, and fV a velocity
forcing term. The square Brunt-Väisälä frequency is given by
N2 = −(g/θ )(d θ̄/dz), where θ̄ is the imposed background
stratification, assumed to be linear, and g is the gravity.

B. Simple model

We are interested in a simple model for the evolution of
the field variations. Estimating the pressure forces in Eq. (1),
which for an incompressible fluid are highly nonlocal, is dif-
ficult since one has to consider the coupling between vorticity
and shear. A simple one-dimensional model of such behavior
was developed in Ref. [17]. This model, sometimes called
restricted Euler dynamics, has proven useful in analyzing the
development and the statistical and geometrical properties of
intermittent structures in a variety of turbulent flows (see [18]
for a recent review).

For simplicity, in the absence of stratification one can
consider only vertical velocity differences δw in the vertical
velocity w at scale ', defined as δw(') = 〈w(x + 'ẑ) −
w(x)〉 ≈ '∂zw. Taking the spatial derivative of Eq. (1) in
the one-dimensional (1D) case, with θ = 0, and neglecting
pressure, forcing, and viscous forces yields

∂t (∂zw) + w∂z(∂zw) = dt (∂zw) = −(∂zw)2.

Then, for the velocity differences dtδw = −δw2/', this
equation immediately shows the temporal enhancement of
negative values of δw, as observed, for example, for isotropic
turbulent fluids for which the skewness of velocity gradients
is negative and of order unity.

When the flow is stably stratified, gravity acts as a
restitutive force allowing for oscillatory solutions (internal
gravity waves). Nonlinear coupling tends to transfer energy
towards modes with vertical spatial dependence, resulting
in the creation of horizontal layers in the fluid, and further
justifying the reduction to a 1D system. Under the same
hypothesis, for δθ ≈ '∂zθ , and from Eqs. (1) and (2) we obtain

dδw

dt
= −δw2

'
− Nδθ, (4)

dδθ

dt
= −δwδθ

'
+ Nδw. (5)

These equations can be considered as a crude 1D (vertical)
model of a stratified flow.

We can define the dimensionless Froude number Fr =
U/NL (with U and L characteristic velocity and length);
it quantifies the ratio between nonlinear and linear effects.
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FIG. 1. Evolution in time of vertical velocity variations δw in the
model of Eqs. (4) and (5) for ' = 0.2 and N = 0 (no stratification,
solid line), 2 (dotted line), 4 (dashed line), 12 (dash-dotted line), 20
(dash–triple-dotted line), and 30 (long-dashed line). Note the faster
evolution towards negative and strong vertical gradients at interme-
diate values of N , as it increases from 2 to 12, before oscillatory
behavior takes over for large enough N (here, corresponding to
N = 20 and 30).

The system of Eqs. (4) and (5) has only one fixed point
(δw = δθ = 0). For weak stratification (large Froude number),
one recovers the Euler behavior of strong negative gradients
and in the opposite case (N % 1, or small Froude number),
the model has oscillatory solutions in the vertical velocity and
temperature fluctuations (see Fig. 1).

The terms governing both (nonlinear and linear) behaviors
become comparable when δw ∼ δθ ∼ N'. When this is
satisfied in a range of scales, it corresponds to the balanced
energy spectrum E(kz) ∼ δw2/kz ∼ N2k−3

z , which has been
predicted and observed in many instances in the atmosphere
and the oceans (see, e.g., Ref. [19] and Fig. 2).

In Fig. 1 an interesting evolution is observed. In an
intermediate regime (specifically, here ' = 0.2 and N = 2,
4, and 12) and for initial δw and δθ > 0, δw becomes negative
(and diverges) unlike the case N = 0 and it does so faster
for larger values of N . In other words, the effect of waves
is rapidly amplified by the nonlinear term, resulting in a
catastrophic behavior. The runaway occurs as N increases
and before oscillations take over, in Fig. 1 for N > 12. Note
that, for N = 0 and initial δw < 0, large negative gradients do
eventually occur: This is the essence of the Vieillefosse model
[17,18], written to study the development of strong negative
gradients in homogeneous isotropic turbulence. However, they
do so more slowly than in the presence of gravity waves, as
shown in Fig. 1.

The large negative values of δw can be interpreted as the
signature of strong intermittent bursts. Note that for even
larger values of N , although the solutions become oscillatory,
they still display skewness (i.e., they have a tendency towards
more negative values of δw). On the other hand, if the initial
conditions are negative (δw,δθ < 0), the divergence is delayed
by increasing stratification.

The coupling of this evolution to that of the horizontal
velocity damps the runaway evolution of δw (because of
incompressibility) but strong gradients still form. For such
extensions, see Ref. [20], which presents a similar model
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•  Add transverse velocities 
•  Add rotation (Li 2010), passive scalar, … 



Conclusion  

Turbulent flows can produce strong velocities, 
as observed e.g. in the nocturnal (very stable) 
planetary boundary layer 
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The emergence of Bolgiano-Obukhov scaling  
in rotating stratified turbulence  
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Stably stratified turbulence:  
Bolgiano-Obukhov 1959 scaling 

 
Main hypotheses: * Energy source for cascade is a constant buoyancy flux 
                                                        
                             * Isotropy 
 
Kinetic & potential energy: EV,P(k) = f(k, εP)  
with εP = DEP/DT of dimension L2T-5 
 
 
 

à EV(k) = εP
2/5  k-11/5 

à EP(k) = εP
4/5  k-7/5 

à Recovery of a Kolmogorov spectrum for 
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One can invoke a dimensional argument to explain the large-scale spectral distribution, namely the Bolgiano-
Obukhov scaling ([? ? ] BO hereafter) derived for purely and stabley stratified turbulence. This scaling is obtained
under the assumption that the source of energy at large scale is contained in the buoyancy, or in the potential
modes, with nonlinear transfer rate "P = |dEP |/dt, assumed constant, and with a negligible advection term in the
momentum equation. Since ⇢ in the primitive equations written in Eq. (??) has the dimension of a velocity, we have
to re–introduce the physical dimension of the buoyancy flux in terms of length and time, i.e., L2T�5; similarly one
can use "PN

2 for the constant flux. This then leads to (see [? ] for a review):

EV (k) ⇠ "
2/5
P k�11/5 , EP (k) ⇠ "

4/5
P k�7/5 . (14)

In the BO phenomenology, the scalar actively modifies the velocity field, and is therefore not passive. Note that
the Coriolis force does not contribute to the energy balance but only to an angular redistribution of energy favoring
negative flux to large scales, and thus does not perturb the dynamics leading to the BO scaling. The phenomenology
derives from the idea that at large scales, the nonlinear advection term is not strong enough in the direct cascade to
small scales, and the only available source of energy is therefore that coming from the scalar fluctuations. Stating that
the kinetic and potential energy spectra will depend only on the dimensional buoyancy flux, "P , and wavenumber, k,
leads to the above spectra.

There are indications that the BO scaling has been observed in stably stratified in the atmosphere [? ], as well
as at the bottom boundary of convectively unstable cells, using temporal structure functions conditionally averaged
on local values of the thermal dissipation rate [? ]. A recent three-dimensional DNS analysis of Rayleigh-Bénard
convection shows such a scaling as well [? ]. BO scaling has been associated with a bi-dimensionalization of the flow
due to stratification and the growth of the mixing layer leading to a confined dynamics [? ? ]. In the case of the
present computation, we note that the quasi 2D large-scale dynamics is reinforced by the presence of rotation, as
observed in the kinetic energy flux which is negative, corresponding to inverse transfer (see below).

We show in Fig. ?? (top right) the kinetic and potential energy spectra averaged over the time interval corresponding
to the peak of enstrophy and compensated by the BO scaling. This scaling seems to hold at large scales, up to k ⇡ 12
for the velocity, and on a shorter range for the temperature field. In Fig. ?? (bottom right) is shown the ratio of
kinetic to potential energies, each averaged over time, and their ratio is consistent with a k�4/5 law at large scale,
as predicted by Eq. (??) to within constants of order unity, whereas in the next regime, close to a Kolmogorov law,
this ratio is close to equipartition in these units. Fig. ?? (bottom left) displays several fluxes. The (forward) flux of
total energy (solid line) is approximately constant, at a level of ⇡ 0.022 in these two identified ranges, indicative of a
classical turbulent cascade. Note also that it becomes negative (reaching ⇡ �0.0085) at scales larger than the scale
of the initial conditions; it can be expected, therefore, that, in the presence of forcing, a small inverse cascade may
develop, as observed in [? ] and as it does when the forcing is placed at smaller scale (see e.g., [? ? ? ]).

We also show in Fig. ?? (bottom left) the energy flux decomposed into its kinetic (dashed) and potential (dash-
dotted) components, ⇧V,P , as well as the buoyancy flux, ⇧w⇢, (dotted line), defined in wavenumber space as:

⇧w⇢(k) =
k0=kX

k0=0

X

k0<|k00|<k0+1

Re(ŵ(k00)⇢̂(k00)⇤) , (15)

where ŵ(k) and ⇢̂(k) are the Fourier coe�cients for the vertical velocity and the scalar, respectively. The first two
fluxes, ⇧V,P , correspond to a scale–by–scale analysis of the two non-linear flux terms, ⇢u ·r⇢ and u · [u ·r]u, whereas
the buoyancy flux concerns the energetic exchanges between the velocity and density fluctuations. The sum of the
kinetic enstrophy at its peak (see Fig. ??) plus the kinetic energy flux, ⇧v(k = 1) ⇡ �0.01 is ⇡ 0.0024, which is in
excellent agreement with the nearly constant value of ⇧v in the region k 2 [4, 20] seen in this figure. Furthermore, it
can be seen that, as hypothesized in the BO phenomenology, the potential flux to small scales is dominant, constant
and positive for a wide range of scales. The kinetic flux has a strong peak at wavenumbers smaller than k0. It is in
fact negative throughout the wavenumber range around the peak of enstrophy; this is likely due to the fact that the
buoyancy flux acts as a source of energy for the velocity in a wide range of scales.

We present the time average of ⇧w⇢ in Fig. ?? (bottom left, dotted curve), where it is seen that it is, in fact,
comparable to the total energy flux, and can serve potential as a kinetic energy source. We note that large temporal
fluctuations in the buoyancy flux are observed; they correspond to gravity waves directly a↵ecting vertical motions.

Finally, we can evaluate the wavenumber, KBO, at which the transition to a Kolmogorov spectrum EV (k) ⇠

"
2/3
V k�5/3 is taking place, in the framework of the BO scaling, by equating the two spectra at that scale. This leads
immediately to

KBO ⇠ "
3/4
P "

�5/4
V . (16)
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Turbulent thermal convection in half a soap bubble heated from below displays a new and surprising

transition from intermittent to nonintermittent behavior for the temperature field. This transition is

observed here by studying the high order moments of temperature increments. For high temperature

gradients, these structure functions display Bolgiano-like scaling predicted some 60 years ago with no

observable deviations. The probability distribution functions of these increments are Gaussian throughout

the scaling range. These measurements are corroborated with additional velocity structure function

measurements.

DOI: 10.1103/PhysRevLett.105.264502 PACS numbers: 47.55.pb, 47.27.!i, 47.55.Hd

The importance of turbulent thermal convection for
processes of meteorological, geophysical, or industrial
interest has been stressed for over a century. Many experi-
mental and theoretical endeavors have explored this phe-
nomenon at different scales and for different geometries
[1,2] in the canonical situation of a fluid enclosed in a
container heated from below and cooled at the top [3]. As
for three dimensional hydrodynamic turbulence [4–6], the
statistical properties of temperature and velocity fluctua-
tions in turbulent thermal convection, a state which can be
reached for a high enough temperature difference between
the bottom and the top of the container, can also be
described by scaling laws [7,8]. Several experiments
have been carried out to measure these statistical properties
but a number of issues regarding the scaling properties
remain unresolved [9]. Recently, the two dimensional ver-
sion has been put forth using either vertical soap films or
soap bubbles [10,11]. A detailed examination of the statis-
tical properties of the velocity fluctuations and the density
variations [10,11] showed that they displayed scaling laws
predicted by Bolgiano and Obukhov for stratified turbu-
lence in the 1950s [7–9]. Such scaling laws have so far
been elusive in three dimensional experiments for reasons
still debated today [9,12].

We here explore the temperature field in a recently
introduced thermal convection cell: half a soap bubble
heated from below (see Fig. 1) [11]. This geometry has
the advantage of avoiding the presence of side walls and
therefore the presence of the large scale circulation often
observed when lateral walls are present. By focusing on the
structure functions of the temperature field we uncover a
transition from an intermittent to a nonintermittent behav-
ior. Our results show that the scaling of these functions
switches regimes from the so-called Obukhov-Corrsin–like
scaling [5,6] with intermittency at low temperatures to
Bolgiano-Obukhov–like scaling without intermittency at

higher temperatures. Our results are unique and surprising
since previous numerical work indicated the presence of
strong intermittency for the temperature field [13].
Intermittency in fluid turbulence is an important problem
in hydrodynamics and our experiments bring to light how a
simple system evolves from an intermittent to a noninter-
mittent state.
The convection cell, described previously in [11], con-

sists of a hollow brass ring which is heated using water
from a thermostat. A circular groove is engraved on the

FIG. 1 (color online). Infrared images of the bubble (top !T ¼
50 #C) and a region near the bottom: !T ¼ 21 #C (bottom left)
and 50 #C (bottom right). The region delimited by a rectangle in
the upper image indicates the area covered by the temperature
and velocity measurements. The brass ring is located a few
millimeters from the bottom of the images.
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upper side of the ring and contains the soap solution (0.5 to
2% detergent in water) which is heated to the desired
temperature (up to 85 !C). Half a soap bubble, of 12 cm
in diameter, is blown using a straw and the soap solution in
the groove. The setup is in a room kept at a constant
temperature of 17 !C with a humidity rate of nearly 75%
near the bubble. The temperature gradient between the
bottom and the top of the half bubble !T could be varied
up to 55 !C. The temperature measurements used a cali-
brated 14 bits infrared camera (resolution 256" 360)
working in the spectral range of 3:6 to 5 !m with a
sensitivity of 20 mK and an adjustable exposure time set
between 0.5 and 1 ms. Additional measurements were
carried out using another infrared camera working in the
range 1:9 to 5:2 !m but equipped with a band pass filter in
the range 3 to 4 !m with no noticeable changes in the
results. Images of the same region (between 100 and 500
images at a rate of 50 or 100 frames/second) were recorded
and a home made program was used to calculate tempera-
ture differences across different scales r. Averaging over
the area of interest and over several images allowed us to
improve the statistics (between 1 and 2:5" 106 points
were used) and calculate the high order moments of these
differences. The temperature field was recorded for periods
of up to 10 s which is greater than the temperature corre-
lation time (of order 0.1 s). The error in r, introduced by the
curved geometry of the bubble, turned out to be less than a
few percent over a 1 cm region. The effect of evaporation
was estimated to be small and the lifetime of the bubble,
which should decrease with increased evaporation, actually
increases by a factor of about 4 when a temperature gra-
dient is imposed indicating that convection is more impor-
tant than both evaporation and draining by gravity.

Figure 1 shows a full view of the bubble as well as images
obtained with the infrared camera in a region near the
bottom of the half bubble where the thermal convection is
strongest. One can easily identify thermal plumes rising
from the bottom of the cell which are clearly visible for the
low temperature gradient. The thermal convection becomes
more intense as the temperature gradient increases and
well-defined thermal plumes are difficult to discern. From
such spatial images we extract the temperature difference
"TðrxÞ ¼ Tðxþ rxÞ ' TðxÞ and "TðryÞ ¼ Tðyþ ryÞ '
Tðy) and calculate the nth moments as hj"TðrxÞjni and
hj"TðryÞjni. Here x and y refer to the horizontal and vertical
coordinates and the brackets refer to an average over space
and time. The temperature structure functions are important
quantities in the study of turbulence and different scaling
relations have been proposed for their variation versus the
scale r. In 3D turbulent flows, where Kolmogorov-like
scaling is believed to prevail for the low order moments,
Obhukov and Corrsin [5,6] generalized the scaling argu-
ments of Kolmogorov to a scalar field like the temperature
and used both the energy dissipation rate # and the scalar
dissipation rate #$ to predict that the second order structure

functions should scale as #$#
'1=3r2=3. Similar scaling argu-

ments can be used, as suggested by Bolgiano and Obukhov
[7–9] for stably stratified turbulence, to the case of Rayleigh
Benard convection for which the fluid thermal expansion
rate%, the gravity constant g, and the dissipation rate #$ fix
the scaling relation of the second order structure function of

the temperature as #4=5$ ð%gÞ'2=5 r2=5 [9]. The nth order
moments are expected to vary as a power law of the sepa-
ration distance r with an exponent &Tn of n=5 in the
Bolgiano-Obukhov regime and n=3 for the Obukhov-
Corrsin regime. To compare the experimental conditions
here to their classical counterparts, we estimated the
Rayleigh number (Ra ¼ %!TgR3='( where ' and ( are
the kinematic viscosity and the thermal diffusivity of water)
to be between 7" 107 and 2" 108 while the Reynolds
number (Re ¼ VmeanR=' where Vmean is the characteristic
horizontal velocity) is estimated to be about 3000.
The temperature structure functions are displayed in

Figs. 2(a) and 2(b) for two different !T: 21 and 50 !C.
For the low !T, Fig. 2(a), the temperature structure func-
tions are roughly isotropic as the values of the differences
for the two orthogonal spatial increments rx and ry are

〉
〈

〉
〈

FIG. 2 (color online). Temperature structure functions for
!T ¼ 21 !C (a) !T ¼ 50 !C (b). The horizontal (squares) and
vertical (crosses) components are plotted up to order 8. The data
are shifted by a multiplicative factor (x2 for n ¼ 3 up to x64 for
n ¼ 8). Insets: compensated moments and scaling exponents.
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FIGURE 9. (Colour online) Kinetic energy spectra computed at t = 35⌧ . The thin continuous
line represents the components Eu(k) + Ew(k), the dotted line is Ev(k). Spectra are computed
by 2D Fourier transforming the velocity field on (x, z)-planes and by averaging over the
y-direction. The straight line represents Bolgiano scaling k�11/5.
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FIGURE 10. (Colour online) Third-order longitudinal velocity structure function S3(x)
(circles) and �S3(x) (squares) computed in the central part of the mixing layer along the
x-direction at time t = 35⌧ . The two lines represent Kolmogorov scaling x (dotted) and
Bolgiano scaling x9/5 (solid). Inset: contribution to the energy flux in Fourier space ⇧(k) from
the nonlinear term (continuous line) and from the buoyancy term (dashed line).

Kolmogorov predicts S3(r) = �(4/5)"r (Frisch 1995), while positive values of S3(r)
indicate the presence of an inverse cascade. Because of the strong inhomogeneity and
anisotropy of our flow, we compute structure functions by taking differences of the
first component of the velocity in the r = x direction (i.e. the large homogeneous
direction), again averaging over the y-direction and over the central part of the mixing
layer, |z| 6 h/10.
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Kolmogorov predicts S3(r) = �(4/5)"r (Frisch 1995), while positive values of S3(r)
indicate the presence of an inverse cascade. Because of the strong inhomogeneity and
anisotropy of our flow, we compute structure functions by taking differences of the
first component of the velocity in the r = x direction (i.e. the large homogeneous
direction), again averaging over the y-direction and over the central part of the mixing
layer, |z| 6 h/10.
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FIG. 3. (Color online) For stably stratified simulation with Pr =
1 and Ri = 0.01, plots of KE flux !u(k), normalized KE flux
!u(k)k4/5, and potential energy flux !θ (k).

We also performed 5123 grid simulations for Ri = 0.5 and
4 × 10−7 with Pr = 1. The normalized KE spectra for these
two cases are exhibited in Figs. 5(a) and 5(b), respectively.
Our results show that BO scaling is valid for Ri = 0.5, but KO
scaling [with a constant !u(k)] is valid for Ri = 4 × 10−7,
which is as expected since buoyancy is significant only for
moderate and large Ri’s.

We compute F (k), D(k), and d!u(k)/dk for Ri = 0.5 and
4 × 10−7 and plot them in Figs. 6(a) and 6(b), respectively. In
the inertial range, F (k) < 0 for both cases, just like Ri = 0.01.
The behavior of F (k), D(k), and d!u(k)/dk for Ri = 0.5 is
very similar to that of Ri = 0.01, except that F (k) for Ri = 0.5
is a bit smaller than that for Ri = 0.01. For Ri = 4 × 10−7,
buoyancy is weak, hence F (k) is much smaller than that for
Ri = 0.01, which leads to an approximately constant !u(k),
and Kolmogorov’s spectrum for the kinetic energy.

Recall that we employ the periodic boundary condition
for the stably stratified flows in the vertical direction, thus
eliminating the effects of boundary walls. In Fig. 7 we
plot the plane-averaged (over xy plane) mean temperature
profile T̄ (z) = 〈T (x,y,z)〉xy . Since T̄ (z) is linear, a constant
temperature gradient dT̄ /dz (hence buoyancy) acts in the
whole box. Therefore, BO scaling is expected everywhere.
It is important to contrast the above profile with that for

FIG. 4. (Color online) For stably stratified simulation with
Pr = 1 and Ri = 0.01, plots of −F (k),D(k),[−F (k) + D(k)],
−d!u(k)/dk, and k−9/5 line to match with −d!u(k)/dk in the
small-k regime.

FIG. 5. (Color online) For stably stratified simulation with Pr =
1, and (a) Ri = 0.5 and (b) Ri = 4 × 10−7, the plots of normalized
KE spectra for BO scaling and KO scaling.

Rayleigh-Bénard convection in which most of the temperature
drop takes place in the narrow thermal boundary layers at the
plates [19,37], while the bulk flow has dT̄ /dz ≈ 0. Thus we
expect BO scaling in the boundary layers and KO scaling in
the bulk, as reported by Calzavarini et al. [21].

In the next subsection we will discuss the results of
Rayleigh-Bénard convection.

B. Rayleigh-Bénard convection

Borue and Orszag [16] and Skandera et al. [17] simulated
RBC flow under the periodic boundary condition. They
observed KO scaling for both velocity and temperature fields,
consistent with the arguments presented in Sec. II. A shell
model approximates the turbulence in a periodic box quite
well; a recent shell model of RBC flow [38] also yields KO
scaling, consistent with the numerical results of Borue and
Orszag [16] and Skandera et al. [17]. In a typical RBC flow,
however, a fluid is confined between two horizontal conducting
plates that are maintained at constant temperatures, with the
bottom plate hotter than the top one. Earlier, Mishra and Verma
[18] showed that zero- and small-Prandtl-number RBC exhibit
Kolmgorov’s spectrum for the kinetic energy, but their results
were inconclusive for moderate-Prandtl-number RBC. In this
subsection, we will investigate this issue for Pr = 1.

To explore which of the two scaling (KO or BO) is
applicable for RBC turbulence with plates, we perform RBC
simulations for Pr = 1 and Ra = 107 and compute the spectra
and fluxes of the KE as well as the entropy for the steady-state

023016-6
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Vertical scaling over the Pacific Ocean 5911

and descents from the WB57F at 10◦ N between the surface and 18 km. The drop-
sonde and G4 results apply to the entire depth of the troposphere from the sea surface
to 13 km in the ‘vertical’ and largely to the upper troposphere in the ‘horizontal’, in
contrast to the earlier applications of scaling to high altitude research aircraft obser-
vations, which were very largely to lower stratospheric data in the ‘horizontal’ (Tuck
et al. 2002, 2003a,b, 2004, 2005). The dropsonde data are more nearly vertical than
the aircraft ascents and descents; nevertheless, the use of ‘vertical’ to describe the air-
craft ascents and descents out of and into airports is justified by the scaling behaviour.
Although it has been demonstrated that the trajectories of the ER-2 and G4 aircraft
under autopilot control can themselves be fractal (Lovejoy et al. 2004, 2009b, 2010),

Figure 12. Total of 315 dropsondes dropped during Winter Storms 2006, in the area 21◦N–60◦

N, 128◦ W–172◦ W. The vertical scaling of the horizontal wind is shown. The fits are rms to the
vertical shears across layers of thickness increasing logarithmically upwards. The reference lines
have slopes corresponding to Hv = 1 (gravity waves), Hv = 3/5 (BO) and 1/3 (Kolmogorov).
The Hv corresponding to each rms fit is given. The data for each level are offset by 1 order of
magnitude to aid legibility. While BO is a good fit in the lower troposphere, in the upper tropo-
sphere the presence of jet streams leads to a systematic increase when the upper troposphere is
included. In any event, isotropic turbulence is always precluded. See Lovejoy et al. (2007) and
Tuck (2008). Note: rms, root mean square; BO, Bolgiano–Obukhov.
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One can invoke a dimensional argument to explain the large-scale spectral distribution, namely the Bolgiano-
Obukhov scaling ([? ? ] BO hereafter) derived for purely and stabley stratified turbulence. This scaling is obtained
under the assumption that the source of energy at large scale is contained in the buoyancy, or in the potential
modes, with nonlinear transfer rate "P = |dEP |/dt, assumed constant, and with a negligible advection term in the
momentum equation. Since ⇢ in the primitive equations written in Eq. (??) has the dimension of a velocity, we have
to re–introduce the physical dimension of the buoyancy flux in terms of length and time, i.e., L2T�5; similarly one
can use "PN

2 for the constant flux. This then leads to (see [? ] for a review):

EV (k) ⇠ "
2/5
P k�11/5 , EP (k) ⇠ "

4/5
P k�7/5 . (14)

In the BO phenomenology, the scalar actively modifies the velocity field, and is therefore not passive. Note that
the Coriolis force does not contribute to the energy balance but only to an angular redistribution of energy favoring
negative flux to large scales, and thus does not perturb the dynamics leading to the BO scaling. The phenomenology
derives from the idea that at large scales, the nonlinear advection term is not strong enough in the direct cascade to
small scales, and the only available source of energy is therefore that coming from the scalar fluctuations. Stating that
the kinetic and potential energy spectra will depend only on the dimensional buoyancy flux, "P , and wavenumber, k,
leads to the above spectra.

There are indications that the BO scaling has been observed in stably stratified in the atmosphere [? ], as well
as at the bottom boundary of convectively unstable cells, using temporal structure functions conditionally averaged
on local values of the thermal dissipation rate [? ]. A recent three-dimensional DNS analysis of Rayleigh-Bénard
convection shows such a scaling as well [? ]. BO scaling has been associated with a bi-dimensionalization of the flow
due to stratification and the growth of the mixing layer leading to a confined dynamics [? ? ]. In the case of the
present computation, we note that the quasi 2D large-scale dynamics is reinforced by the presence of rotation, as
observed in the kinetic energy flux which is negative, corresponding to inverse transfer (see below).

We show in Fig. ?? (top right) the kinetic and potential energy spectra averaged over the time interval corresponding
to the peak of enstrophy and compensated by the BO scaling. This scaling seems to hold at large scales, up to k ⇡ 12
for the velocity, and on a shorter range for the temperature field. In Fig. ?? (bottom right) is shown the ratio of
kinetic to potential energies, each averaged over time, and their ratio is consistent with a k�4/5 law at large scale,
as predicted by Eq. (??) to within constants of order unity, whereas in the next regime, close to a Kolmogorov law,
this ratio is close to equipartition in these units. Fig. ?? (bottom left) displays several fluxes. The (forward) flux of
total energy (solid line) is approximately constant, at a level of ⇡ 0.022 in these two identified ranges, indicative of a
classical turbulent cascade. Note also that it becomes negative (reaching ⇡ �0.0085) at scales larger than the scale
of the initial conditions; it can be expected, therefore, that, in the presence of forcing, a small inverse cascade may
develop, as observed in [? ] and as it does when the forcing is placed at smaller scale (see e.g., [? ? ? ]).

We also show in Fig. ?? (bottom left) the energy flux decomposed into its kinetic (dashed) and potential (dash-
dotted) components, ⇧V,P , as well as the buoyancy flux, ⇧w⇢, (dotted line), defined in wavenumber space as:

⇧w⇢(k) =
k0=kX

k0=0

X

k0<|k00|<k0+1

Re(ŵ(k00)⇢̂(k00)⇤) , (15)

where ŵ(k) and ⇢̂(k) are the Fourier coe�cients for the vertical velocity and the scalar, respectively. The first two
fluxes, ⇧V,P , correspond to a scale–by–scale analysis of the two non-linear flux terms, ⇢u ·r⇢ and u · [u ·r]u, whereas
the buoyancy flux concerns the energetic exchanges between the velocity and density fluctuations. The sum of the
kinetic enstrophy at its peak (see Fig. ??) plus the kinetic energy flux, ⇧v(k = 1) ⇡ �0.01 is ⇡ 0.0024, which is in
excellent agreement with the nearly constant value of ⇧v in the region k 2 [4, 20] seen in this figure. Furthermore, it
can be seen that, as hypothesized in the BO phenomenology, the potential flux to small scales is dominant, constant
and positive for a wide range of scales. The kinetic flux has a strong peak at wavenumbers smaller than k0. It is in
fact negative throughout the wavenumber range around the peak of enstrophy; this is likely due to the fact that the
buoyancy flux acts as a source of energy for the velocity in a wide range of scales.

We present the time average of ⇧w⇢ in Fig. ?? (bottom left, dotted curve), where it is seen that it is, in fact,
comparable to the total energy flux, and can serve potential as a kinetic energy source. We note that large temporal
fluctuations in the buoyancy flux are observed; they correspond to gravity waves directly a↵ecting vertical motions.

Finally, we can evaluate the wavenumber, KBO, at which the transition to a Kolmogorov spectrum EV (k) ⇠

"
2/3
V k�5/3 is taking place, in the framework of the BO scaling, by equating the two spectra at that scale. This leads
immediately to

KBO ⇠ "
3/4
P "

�5/4
V . (16)~ 11 



N/f=4.95	

Fr=0.024, Ro=0.12	

Re=55000, RB=32	

K0=2.5, decay	

	


100 101 102 103 10410−1

100

101

102

|k|

k16
/5

 e T(|k
|,θ

)/s
in
θ

 

 
10
20
40
60
80

Rosenberg et al. 2015	


θ 

z	

k	


Compensated  total energy 
angular spectra 

e(|k|,θ) with E(k)=Σ e(|k|,θ)dθ 



  40963 data, N/f=4.95	

  Fr=0.024, Ro=0.12	

  Re=55000, RB=32	

  K0=2.5, decay	

	

	

   Isotropic energy flux	

   and its components	

	

Total (___): ΠT ~ ΠV + ΠP	

	

Kinetic (---): ΠV ~ u.(u.grad u) 	


Potential (-. -.): ΠP ~ ρu.grad ρ	

	

  Buoyancy flux Πwρ: ….	

	

        	


100 101 102 103 104
−0.03

−0.02

−0.01

0

0.01

0.02

0.03

k

Π

 

 
ΠTot
ΠV
ΠP
Πwρ

11

One can invoke a dimensional argument to explain the large-scale spectral distribution, namely the Bolgiano-
Obukhov scaling ([? ? ] BO hereafter) derived for purely and stabley stratified turbulence. This scaling is obtained
under the assumption that the source of energy at large scale is contained in the buoyancy, or in the potential
modes, with nonlinear transfer rate "P = |dEP |/dt, assumed constant, and with a negligible advection term in the
momentum equation. Since ⇢ in the primitive equations written in Eq. (??) has the dimension of a velocity, we have
to re–introduce the physical dimension of the buoyancy flux in terms of length and time, i.e., L2T�5; similarly one
can use "PN

2 for the constant flux. This then leads to (see [? ] for a review):

EV (k) ⇠ "
2/5
P k�11/5 , EP (k) ⇠ "

4/5
P k�7/5 . (14)

In the BO phenomenology, the scalar actively modifies the velocity field, and is therefore not passive. Note that
the Coriolis force does not contribute to the energy balance but only to an angular redistribution of energy favoring
negative flux to large scales, and thus does not perturb the dynamics leading to the BO scaling. The phenomenology
derives from the idea that at large scales, the nonlinear advection term is not strong enough in the direct cascade to
small scales, and the only available source of energy is therefore that coming from the scalar fluctuations. Stating that
the kinetic and potential energy spectra will depend only on the dimensional buoyancy flux, "P , and wavenumber, k,
leads to the above spectra.

There are indications that the BO scaling has been observed in stably stratified in the atmosphere [? ], as well
as at the bottom boundary of convectively unstable cells, using temporal structure functions conditionally averaged
on local values of the thermal dissipation rate [? ]. A recent three-dimensional DNS analysis of Rayleigh-Bénard
convection shows such a scaling as well [? ]. BO scaling has been associated with a bi-dimensionalization of the flow
due to stratification and the growth of the mixing layer leading to a confined dynamics [? ? ]. In the case of the
present computation, we note that the quasi 2D large-scale dynamics is reinforced by the presence of rotation, as
observed in the kinetic energy flux which is negative, corresponding to inverse transfer (see below).

We show in Fig. ?? (top right) the kinetic and potential energy spectra averaged over the time interval corresponding
to the peak of enstrophy and compensated by the BO scaling. This scaling seems to hold at large scales, up to k ⇡ 12
for the velocity, and on a shorter range for the temperature field. In Fig. ?? (bottom right) is shown the ratio of
kinetic to potential energies, each averaged over time, and their ratio is consistent with a k�4/5 law at large scale,
as predicted by Eq. (??) to within constants of order unity, whereas in the next regime, close to a Kolmogorov law,
this ratio is close to equipartition in these units. Fig. ?? (bottom left) displays several fluxes. The (forward) flux of
total energy (solid line) is approximately constant, at a level of ⇡ 0.022 in these two identified ranges, indicative of a
classical turbulent cascade. Note also that it becomes negative (reaching ⇡ �0.0085) at scales larger than the scale
of the initial conditions; it can be expected, therefore, that, in the presence of forcing, a small inverse cascade may
develop, as observed in [? ] and as it does when the forcing is placed at smaller scale (see e.g., [? ? ? ]).

We also show in Fig. ?? (bottom left) the energy flux decomposed into its kinetic (dashed) and potential (dash-
dotted) components, ⇧V,P , as well as the buoyancy flux, ⇧w⇢, (dotted line), defined in wavenumber space as:

⇧w⇢(k) =
k0=kX

k0=0

X

k0<|k00|<k0+1

Re(ŵ(k00)⇢̂(k00)⇤) , (15)

where ŵ(k) and ⇢̂(k) are the Fourier coe�cients for the vertical velocity and the scalar, respectively. The first two
fluxes, ⇧V,P , correspond to a scale–by–scale analysis of the two non-linear flux terms, ⇢u ·r⇢ and u · [u ·r]u, whereas
the buoyancy flux concerns the energetic exchanges between the velocity and density fluctuations. The sum of the
kinetic enstrophy at its peak (see Fig. ??) plus the kinetic energy flux, ⇧v(k = 1) ⇡ �0.01 is ⇡ 0.0024, which is in
excellent agreement with the nearly constant value of ⇧v in the region k 2 [4, 20] seen in this figure. Furthermore, it
can be seen that, as hypothesized in the BO phenomenology, the potential flux to small scales is dominant, constant
and positive for a wide range of scales. The kinetic flux has a strong peak at wavenumbers smaller than k0. It is in
fact negative throughout the wavenumber range around the peak of enstrophy; this is likely due to the fact that the
buoyancy flux acts as a source of energy for the velocity in a wide range of scales.

We present the time average of ⇧w⇢ in Fig. ?? (bottom left, dotted curve), where it is seen that it is, in fact,
comparable to the total energy flux, and can serve potential as a kinetic energy source. We note that large temporal
fluctuations in the buoyancy flux are observed; they correspond to gravity waves directly a↵ecting vertical motions.

Finally, we can evaluate the wavenumber, KBO, at which the transition to a Kolmogorov spectrum EV (k) ⇠

"
2/3
V k�5/3 is taking place, in the framework of the BO scaling, by equating the two spectra at that scale. This leads
immediately to

KBO ⇠ "
3/4
P "

�5/4
V . (16)

Vertical buoyancy flux: 	




	

Bolgiano, Marseille meeting, 1962	

	

	

``Important progress appears likely in the next few years.’’	

	

	

	

	

	

 	




Conclusion 

Bolgiano-Obukhov scaling taking into account  
the potential energy input can be observed  
in some cases including with  
geostrophically-balanced initial conditions 
 
Forced case? 


