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I just discovered that I was the author of



We started to work together:
Stochastic resonance in climatic change

Approach to equilibrium in a chain of nonlinear oscillators
Marchesoni, E. Marinari, G. Parisi, L. Peliti, , S. Ruffo A. Vulpiani (1982)

(8&heandltifractal nature of fully developed turbulence and chaotic systems
Paladin, Parisi Vulpiani

We have even written a paper on spin glasses:

dimensionality
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In this talk I will shortly discuss:
Mean field theory for glasses.
A new crucial phenomenon: the Gardner-(Gross-Kanter-Sompolisky) transition.
The new picture arises.

Conclusions.









Mean field theory should be exact in some limit

range....)

High temperature (or low density) the theory is trivial. The problems are at low

fewnp appino@cheshigh density.
Solve the model analytically by brute force or by ingenuity.

Identify the correct order parameter and to prove later that nothing relevant is

missing



Hegtddt eodeelapiproxamahmiiquid phase.
g(z) = exp(—=BV ()

We can construct models of hard spheres (M K, ) with trivial correlations. (I skip the
details).



Frozen phase, where the particles are confined in a cage.

tiicles forbid a given particle to move too mucha); (x — z;).

Free energy functional (Wolynes ’80’) we can write a free energy that depends on the

form and the positions of the cages (e.g. in 3 dimensions).

Flipi(x — )]

The

cages:

Pl

We can trivialise the model, neglecting correlations in the liquid.
functional order parameter: a big mess for explicit exact computations

Tarzia, Zamponi).



Too many forms of the cages. Some approximation is needed.

The simplest approximation (Mézard and GP 1999). All cages are equal and
Gaussian with radius A:

;i () o< exp (—(:UZ — xf“ge)Q/(ZA))

Systematic small A expansion. We can modify this add approximation correlations
in the fluid case.

Good results. Hard spheres (GP and Francesco Zamponi).



You can do the computation taking care of the correlations. You find reasonable
results at d = 3 for the position of the transitions.

Infinity pressure states exist for 0.64 < ¢ < .68 in d = 3.
We have the RFOT scenario.

We can compute the critical line with good results (Infinity pressure states exist
for 0.64 < ¢ < .68 ind=3.)

We predict generalised fluctuation dissipation relations.

The pressure diverge as (¢; — @)~ 1.

Number of contacts at infinite pressure 6 — 6.1. No isostaticity!!!
The size of the cage is proportional to (¢; — ¢)

The correlation function g(r) is given by Z (r — 1) +smooth function



What is isostaticity???
A table with two legs (unstable) is hypostastic.

A table with three legs is isostatic.

meh) dieshrmpiehs fadiiiodic boundary conditions

are isostatic if

NumberO fContatcts = 2D(NumberO f Particles — 1) — 1

%

7 NumberO fContatcts

= 2D + O(1/N)

NumberO f Particles









NirgprodaletionWealppowe haart eld ithedrgxpomerttivaad ¢rivied] (€xporignts appear only
bobveloar: tid tige eaxqrotient sdameensanty. independent from the dimensions.

Violations of isostaticity is worrying.

The troubles do not disappear with the dimension (nice computation in the infinite

dimension limit qAb = 2¢/d¢$No problem: the distribution of the cage is far from being Gaussian. It may contains

H pwencar law tail.



Aldacatsuach gne (iR, thendpokiand all functions are Gaussian in infinite dimensions d

O(|lx] — d) ~ exp(—:z:2/2) ~ exp(—dl/Q\a:\)

(microcanonical and canonical ensamble)

0(H — NFE) ~ exp(—FH)

So we can dream to take P;(x;) to be a Gaussian.

We have esplicitly check that Gaussian is OK when d — oo

) ) )
i(:) o exp (—(z; — 25"9%)? /(24))
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@@Eﬂmsiansdimmﬁﬁd nathhemkthe results of GP and Zamponi are correct uless....



unless something new happens
Replica Symmetry Breaking (Kurchan, GP, Urbani, Zamponi) instability.

Check stability: for each particle we define the squared radius of cage (the mean

squared displacement).

Aror = Z A; <Ac2r0T> - <ATOT>2 = Nx
i=1,N

The susceptibility y can be computed and its given by

X X g — b

Theory does not work for ¢ > ¢¢. @ > ¢pg??

Biforcations: each solutions for the cage’s is surround by many

v () = ¥ (x) + (¢ — )2 (x)  a=1..

V¥ (x) = Ystate(x — ) P(x$') is Gaussian centered around

Each state breaks into a family of states that are nearby one t



We can define a complexity for the states and a complexity for families:

823 a es(f) 0 amilies(f)
tg} — 6mstates / 8f — Bmfamilies

Mstates — M families + A(¢ - CbG)









mtikingritieenthat are grouped into orders....

We consider K levels: The distribution of the center of masses of the (k + 1) level
are at distance squared of order 1/K from the one of the (k) level. We can write
dxtptietefod mof tdee fdnyt eevhaiomisodikbribatiomit. X' — co. One finds states that are
dilgamsedainilat hidistmebitabway.rather complex. It needs a certain amount of heavy
mathematics to prove that the construction has some sense and the the K — oo limit
has a probabilistic limit.



The model can be solved and we arrive to non linear differential equations very

hiahakmnigont S Kkgamtdggomd del infinite pressure in hard spheres.




We can apply the same ideas to glasses (Charbornneaux, Kurchan, GP, Urbani and
Adtepdnng long algebraic manipulations

part of entropy in the full RSB case in the d — o0

We introduce a function A(zx) in the interval [m : 1]

S m oy
coRSB — —
m A L A o
?log [y W(Ly) —I—/y 0z 77(5)] —@e‘A(m)/Q /_OO 5heh[1—emf(m’h)] :
Of(x.h) 1. | f(x,h) 0f(z,h)\’
SR TGN ”( oh )] ’
f(1,h) =log®© 22(1)] fsk (1, h) = log(tanh(Bh))

©(x) is the error function. The function A(x) parametrise the distribution of the size
of the cages.



One step RSB formulae can be obtained as a limit of the full RSB formulae. Three

regimes
Low pressure: Liquid phase

Intermediate pressure: one step RSB phase: i.e. glassy systems with well

separated cages
High pressure: full RSB phase with cages organised in an hierarchical way.

A Gardner type transition separates the one step RSB phase from the full RSB
phase.



Interesting limit: pressure going to infinity, m — 0
The marginal stability condition
1= % [2. 0he"P(y,h)f"(y,h)?

implies isostaticity.



Scaling limit when the pressure goes to infinity.

reproduces itself in the equations.
P(y,h) = y*p(hy’)

The a and b can be computed analytically form the previous equations in the scaling

regime.
At the end we find
a = 0.29213 b=0.70787 a+b=1









Ondyatficieyuse continuous replica symmetry bredkimegquelfmdVdd: ivfcht sphessinas in
the average 2D &m¢awrrelation function g(r) has a singularity at r = 1

g(r)=2Dé(r — 1)+ C(D)(r—1)~¢ a =0.41269 = a/b

he wuasi contact exponent o has been measured by several groups D

ranging from 2 to 13, all obtaining roughly a =~ 0.4.

The most precise estimates being ff = 0.41(3) for D ¥Wah



Open problems.

Can you explain all this in a simpler way, e.g. without replicas? Likely yes (GP

and Zamponi in preparation).

Can you prove that gives the exact result in one of M K, models? I hope so, but

it is not clear when (2 years or 20 years?)
What happens in finite dimensions at jamming? Everything seems ok, but why?

What happens to the Gardner transition in finite transition? It is still there or

not?

If yes, can we pinpoint the Gardner transition numerical simulations and in

experiments?

Which are the effects of the Gardner transition on the behaviour of quantum

glasses at low temperature?



We must:

Many other quantities have to be computed. In particular the spectrum of small

oscillations.

We should be able to do precise computation in the dynamics. (MCT like
equations, but not MCT).

We need to complete the extension of the results to finite dimensional models.

Compare the prediction for the dynamical correlations with numerical

simulations and with experiments.
Compute systematically 1/d corrections.

Understand the renormalization group approach in finite dimensions.



Weechhsidemadalndom regular lattice of coordination number z. On each site ¢ we
have a variable x; that is a d-dimensional vector in box of side L and volume L%. For

each link we have a random shift s;;.

We are interested the configurations such that for each link ¢, k

|z; — 2k — s; k| > In a first approximation forget the shifts s.
1.

Each sphere see the sphere on the nearby box. The density is
p=zL"1
The SK limit is obtained when z — oo at fixed p.

We are interested to compute the entropy as function of p. i.e. the volun
configuration space where all the bounds are satisfied.

S(p) = oo when p — p;. The pressure (—dS/dp) goes to infinity at p;,.



