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Aging Fluctuation Relations
and
Fluctuation Dissipation Theorem:
a Possible Relation

(Long-lasting) Collaboration with:

* Marco Picco (CNRS, LPTHE-UPMC Paris)
* Felix Ritort (U Barcelona)
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Fluctuations Relations
why!?

Microscopic vs Macroscopic
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Fluctuations Relations
why!?

Microscopic vs Macroscopic

Microscopic variables: trajectories

Difficult
Too fine
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Fluctuations Relations
why!?

Microscopic vs Macroscopic

Microscopic variables: trajectories Global variables: averages

v v
Difficult

Physical quantities undergo random fluctuations

\ 4

Statistical properties described by Statistical Mechanics

Too fine

Microscopic dynamics aé} Restrictions on the PDF of fluctuating quantities
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Fluctuations Relations

X: Macroscopic (extensive) variable

O o a(X — )

F:“Forward” process

R:“Reversed” process
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Non-Equilibrium Systems

Non equilibrium systems Net energy flux with environment

—

Energy

Fluctuation Relations
Relate Probability of
Absorbing / Releasing

a given amount of energy

Friday, October 10, 2014



Aging Systems
(Quench)

Aging systems are characterized by two time-scales

The age or waiting time ty,

The time t > t,, of measurement

Quench Protocol

=2

At time =0 the systems is quenched from
A high temperature Tp down to low temperature T

Non equilibrium (relaxation) state

characterized by a net energy flux
gl

Measurements between ¢ and #» depends on both
0 t t t and t,
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Energy Fluctuations:
Stimulated Process

e Times -ty <<t.-ty

The heat Q is exchanged back and forth
but the the net flux is vanishingly small

On these time-scales the system looks as
equilibrated at the bath temperature T

The PDF of Q is a Gaussian of zero mean
and [-dependent width

Stimulated Process Originates from thermally activated processes
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Energy Fluctuations:
Spontaneous Process

e Times -t >>ty
Intermittent exchange of larger than /\
typical amount of heat QO O

Finite net heat flow

The PDF of 0 has a tw-dependent
exponential tail

Originates because the system was not

Spontaneous Process . .
in equilibrium at tw.
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Energy Fluctuations PDF

]()0 = T T T T T T T T =
E Stimulated E
10" E E
i Spontaneous ]
o .2 _
= 10°F \ E
C ‘\ ]
- \ ] ROM N=64 T=0.2
— \ . W T " T T T T T T T 3
\ C ]
3L \ - C Stimulated ]
107 E \\ E - >0 - 510 .
C | ] w S
- . - 1 .
i \ ] [ o BES
\ 4 W
i ‘\ ] 10 E
-4 | | [ : ]
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v
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Aging Fluctuation Relation

Protocol:
ot =10 quench to low temperature
® 1ty apply a constant external perturbation /2 coupled to the

macroscopic variable (observable) A4

et =1t, + At measure the entropy production AS during At

AStw,t = Qtw,t/T
= Bh[A(t) — A(tw)]

— 5)/\/0 (tw7 t) (Exclusive Work)
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Aging Fluctuation Relation

Protocol:
ot =10 quench to low temperature
® 1ty apply a constant external perturbation /2 coupled to the

macroscopic variable (observable) A4

et =1t, + At measure the entropy production AS during At

ASy, 1= Quut)T
= Bh[A(t) — A(tw)]

— 5)/\/0 (tw7 t) (Exclusive Work)

e Build the PDF: P, (AS)

Ep, (—AS)
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Reversed Path Protocol

*After a time ?,, the systems will output a sequence of “t — ¢,,” states (Forward Path)

011011 ---001
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Reversed Path Protocol

e After a time %, the systems will output a sequence of “t — t,,” states

011011 ---001

We consider the probability that the system after the time ¢,

will output the same sequence in the reversed order

100---110110

(Forward Path)

(Reversed Path)
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A Model

Langevin Dynamics

do _ p

o () +h+¢

(E(2) &) = 2T5(t — ')

e—BH(v)
F(p) = ) — [lm P(p,t) = P(p) = —

Forward Path:

{SDS}SE[to,t]

Reverse Path:

{@/s}se[to,t] =" {Sps}se[to.t] = {SDttho—s}se[to,t]
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Path Integral Formulation

Pt t
Dy exp [/ ds L(p, ©; h)] Probability Forward Process

to

P(Sptat’QOO?tO) :/

¥0

Pt t
P(po, tlpt, to) = Dy exp [/ ds L(—, ¢ h)] Probability Reverse Process

©o to

L External perturbation /
not reversed '

L(grpih) =5 [6 — Flo) — ]

t t
/dsﬁ(—%@;h):/ ds L(p, ;)

to to

+5 [H(%) — H(SOO)} — BWo (1, wo; h),

t
Wg(got, Yo, h) = / ds h O = h (g&t — 900) (Exclusive Work)

to
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Forward / Reverse

Probability ratio Forward/Reverse Process:

P (g4, t|po, to) Polpo) oASior (p1,0)
P(h)(gp()?t’@t?t()) Pl(gpt)

Py 1(p) Probability initial/final states

Entropy production or information gain

—»  ASiot (@1, 00) = ASm (¥, vo) + ASy(¥r, o)

Medium
ASm (s, p0) = BA(¢t, o) Dissipated Heat
— 5/ dS )]+ h] €
— _ASeq(gpya 900) + 5W0(90t7 P05 h)
P(pt)
ASC4 = —1 = 0B|\H — H
Boundary > go) " Pea(ipo) AlH{pe) ~ Higo)

Py (ot)
Po(¥o)

ASy(¢t,00) = —1In
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Integral Fluctuation Relation

-

<F(S0t7 900) e—AStot(SOt,SOO)> — R <F(90t7 900)>t,t0

t,to

\_

F(¢t,%0) generic functional of (¢, ©o)
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Integral Fluctuation Relation

-

\_

<F(S0t7 900) e—AStot(SOt,SOO)> — R <F(90t7 900)>t,t0

t,to

F(¢t,%0) generic functional of (¢, ©o)

o|f F(Spta 900) — 5(WO — WO(SOh P05 h))

_ _ —
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Equilibrium

In equilibrium
Po(¢) = Pi(p) = P(p)

\ 4
ASior = BWo — AS 4+ ASy = W)

P(Wo;t, to) BWo

P(_W07t7t0)
-

<6_BWO> =1
\_ .

Bochkov - Kuzovlev
Sov. Phys. JEPT 45, 125 (1977)
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Aging Fluctuation Relation

Aging (Glassy) System

* Phase space made of a set of disjoint subsets (cages)
 Number of cages depends on the age 7 (waiting time)
* At the initial time to the system is inside one cage

e It is trapped into the cage for a typical time 7.~ 7y

e Microscopic relaxation time << 7. (local equilibrium)
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Aging Fluctuation Relation

Aging (Glassy) System

* Phase space made of a set of disjoint subsets (cages)
 Number of cages depends on the age 7 (waiting time)
* At the initial time to the system is inside one cage

e It is trapped into the cage for a typical time 7.~ 7y

e Microscopic relaxation time << 7. (local equilibrium)

| P(As;t,t()) o
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Aging Fluctuation Relation

What about ¢t —tg > t. ~ tp?
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Aging Fluctuation Relation

What about ¢t —tg > t. ~ tp?

*The exclusive work depends on macroscopic quantities
Wolet, poih) = h(pr — o) = h (Z Pt,i — Z@o;&)
P(~Wast,to) == [ duo [ dves(Wo/h — v+ o)

X <6ASeq(90t7900)_ASb(90t7900) >
¢t7t;¢0;t0

Only states with fixed ¢ = Z Oi — ——
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Aging Fluctuation Relation

In local equilibrium

I—> Probability of 1) = Z ©; in a cage

Q7(1») Number of states with 9 = Z ©iin a cage

()  Number of accessible states with ¥ = Z Pi

In Q7 (%) = S7(¢) local equilibrium
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Aging Fluctuation Relation

l » x < 1 Phase space contraction factor
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Numerical Test
ROM

ROMN=1000 T=0.2 t =1024

1,N
xggo? H: — E Jz’,j 0; O'j
t,]

] o= =1
o |
& | Ji,j  Random orthogonal
= B
4 i
Q-‘ p—
5 |
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] ‘® — x=0.299
] = . o @®t=8 |
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Numerical Test
BML) 80:20

BMLJ 80:20 N =500 T=0.3 t = 1000

6 T | T | T | T | T T | T //l T
B e—o t=17
o—o t=136
4= e t=1019
o—o t=7582
B -—— x=1
—— x=0.65
2
n
<
o
o 0
2
[a W)
==}
_

L T B T S A
AS

r~1 1t<Kt, Shorttime

r<l t>t, Long time

BMLJ 80:20 N=500 T=0.3

0.8
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0.6

0.5

04—

— x=0.35
x=0.5
— x=0.6

0—01;W=102

03

0.2
10

10

1

10

2

10
t

3

10"

10°
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Numerical Test
BML) 80:20

ASi, .t Strongly Intermittent I—‘

L) ASt, + = AS <& broad time interval t — tg

Fixed time statistics mixes different regimes
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Numerical Test
BML) 80:20

ASi, .t Strongly Intermittent

Pai(AS;tg) = Probability of ASt, + = AS

in the time interval [to,to + At]

PAt(Asa tO) * .

In ~ AS AS| < AS Stimulated process
Pat(—AS;to) 251 P

In ~ xAS * Spontaneous process
Pri(—AS: o) |IAS] > AS P P
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ROM N =1000 T=0.2

Numerical Test
ROM

— x=0.271
.. tW=8
x=0.287
OO tW:64
— x=0.299
@ @ -1024

—-—— x=1

AFR

ROM N=1000 T=0.2

).09 — /

|
~

FDT

20

25 /

).06 — /

T %
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) th 8
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Q-0 tW=64
— x=0.299
C I R 1024
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0 0.1

0.2

1-C
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Numerical Test
BML) 80:20

BMLJ 80:20 N=500 T=0.3

10 F ' ' | ' ]
- , .
B - X=0'32 // T AFR
- @ @t =10 7 .
3 x=0.5 |
10 E OO t =103 E
- — x=06 ]
L o-@:t =10 ]
o) .
4? - -_——-— X= o O @ -
ha _ BMLJ 80:20 N =500 T =0.3
w 3
< F ]
~ . i
10'E -
8
100 ! 1 | ! | ! | |
0 3 6 9 12

FDT
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Aging Fluctuation Dissipation
and
Fluctuation Dissipation Theorem

AS = BWy Macroscopic (Extensive) quantity
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Aging Fluctuation Dissipation
and
Fluctuation Dissipation Theorem

AS = BWy Macroscopic (Extensive) quantity

1
(AS2)

P(AS:£.45) o exp [_2 (A8 - <AS>)2]
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Aging Fluctuation Dissipation
and
Fluctuation Dissipation Theorem

AS = BWy Macroscopic (Extensive) quantity

1
(AS2)

P(AS:£.45) o exp [_2 (A8 - <AS>)2]

Reverse Path (Reverse process)

P(—AS;t,tg) = P(AS;t,%0)|ag——Ag

113:—111 —

5 I P(ASitt . (AS)
{ AS T P(—AS:t, 1) (AS?), AFR
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AFR and FDT

Vanishingly small external perturbation h < 0

¢
<90t>h = h / ds R(87 to) [{¥0)rn = (o) = 0]
FDT to

R(t,t0) = —0(t — to)BawpT Ok ((t) (t0))-
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AFR and FDT

Vanishingly small external perturbation h < 0

¢
<90t>h = h / ds R(Sa to) [{¥0)rn = (o) = 0]
FDT to

R(t,t0) = —0(t — to)BawpT Ok ((t) (t0))-

(@8) — (preo)

—
UGy 4 (02) — 2 (e o)
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AFR and FDT

Vanishingly small external perturbation h < 0

t
<90t>h = h / ds R(Sa to) [(0)n = {po) = O]
to

FDT

R(t,t0) = —0(t — to)BawpT Ok ((t) (t0))-

R = loeo)
(i) + (0§) — 2 (vt vo)

olf {¢F) = (¢5)

= appr +O(h) )
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Back to Numerical
BML) 80:20

BMLJ 80:20 N = 500 tw = 100

0.9

0.8
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TR/(1-C) (FD
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2<DS>/<DS"2>_
fit log P(DS)/P(-DS

W
n G134

~

+

X
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TR

0.5

0.4

0.3

0.2

0.1

Back to Numerical
BML) 80:20

BMLJ 80:20 N = 500 tw = 100 g-stat vs t-stat

\ \
g-stat FDT —+—
x=1
x=035 —+—
t-stat FDT — & —
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0.3

0.4
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TR

0.5

0.4

0.3

0.2

0.1

Back to Numerical

BMLJ 80:20

BMLJ 80:20 N = 500 tw = 100 g-stat vs t-stat

\ \
g-stat FDT —+—
x=1
x=035 —+—
t-stat FDT — & —
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Back to Numerical
BML) 80:20

BMLJ: N = 500 tw = 100; g-stat and t-stat

30

I
g-stat  + ks
X = §
25 - t-stat #}—%f
x=0.35 ¥

2 <Delta S>

0 M | | | | | | | | |

0 5 10 15 20 25 30 35 40 45 50

<Delta S%>

Friday, October 10, 2014



Back to Numerical
BML) 80:20

BMLJ 80:20 N = 500 tw = 100 g-stat vs t-stat

1
| | ‘q-stat F‘DT 1s — -
0.35 #
08 |- t-stat FDT —*— |
Local slopes g-stat xof —= /7
i t-stat x5f ﬁ
0.6 . .
bed
0.4 .
0.2 |
0
0
BMLJ 80:20 N = 500 tw = 100 g-stat vs t-stat (local-fit)
1 I I I I I I
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Conclusions
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