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i L - A
ffj} Entropy production in stochastic T}
= thermodynamics [Sekimoto 2010]

The system: Of the whole world, a

em: I T h

part which is properly cut out is *& U

called the system =

work made on the . g4/ heat given to the
AU = oW -I-&?ﬁ&? system

system
The external system: It is an "he thermal environment:
agent which is capable of The background to which
controlling macroscopically the the system is connected...
system through a parameter a ...keeps no memories of
of the potential energy the systems’s actions...
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This entropy production is both A

Aalto University

School of Science

~=_ nhysics and mathematics

As physics entropy production  For stochastic kinetics the
remains increased disorder In  two definitions agree:

the environment and hence Jarzynski, Phys. Rev. E 56 5018
has to obey Clausius’ law: (1997); Kurchan, J. Phys. A 31 3719

(1998); Lebowitz & Spohn, J. Stat.
Gawedzki, Comm. Math. Phys. (2008)

As mathematics it is also a
ratio of path probabilities:

All fluctuation relations in
classical stochastic systems
follow from the definition as
ratios of path probabilities:

Maes, J. Stat. Phys. 95 367-392 (1999)
F Gawedzki, arXiv:1308.1518 (2013)
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The problem of (Maxwell) A
demons and (thermal) dragons

Suppose we can “’properly cut out a piece of the world”
more or less accurately, as descriptions of ”The System”.

- What happens to entropy production if we do this? Relations
between macroscopics, mesoscopics, and, microscopics?
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A

.1 Test example: the underdamped 0.,
= Langevin equation...

4 N D N

P _ vy P e | =P

a  * / m 7 dt m
N RN VAN /

P ~ force fromthe 5 7
—y—+2Ty®, environmenton *

m the system...
..which there Is an opposite reaction force V(z,t)

[...] heat is the work done by the

. P :
—d Q = dxo (7/ 2T Y Q; | retained degrees of freedom against the

m thermal environment that represents the
Ken Sekimoto, Stochastic Energetics, eliminated degrees of freedom.
Lecture notes in Physics 799, (Springer 2010)
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51 ...compared to its overdamped
KTHICSC ||m It T

Sma” Iength: f — Vth m/j/ Large Iengtﬁ
Small time: t = m/y/ Large time: t, = /D

Langevin (SDE) Langevin (SDE)

[Underdamped Kramers- >[Overdamped Kramers- }
t/t. =¢
e=/lIL

Underdamped Fokker- Overdamped Fokker-
Planck (PDE) Planck (PDE)

Matsuo(-zS(?fg) {dX f/y—30T/y+1iToy” )dt + /2T /y o dW
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i Expected entropy production .

Aalto University

KTH/CSC

Eats +(F/y+Toy )08 +T/ya%S =—T/yo-f —(f/y+Toy ) T - A }

Fact 1: a “thermoentropic” force: [ f = (f /T — (T /T))j

<e—_[f~°dxt>Xf <1b>xi [dXt:(f/j/—%éT/j/nL%T@)/1)dt+w/2T/7/0th\
X

Xt Chétrite-Gawedzki (2008) & Matsuo-Sasa (2010)

Fact 2: part of expected entropy production is not an
expectation over (even corrected) force times distance. An
“anomalous” contribution to the entropy production remains:

(d+2)
{Exvt[ésenv { j f odX +Adt}+AE[Iog (m/m);}o(g)} {A T oT|”
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The entropy production per unit A
volume of a fluid at rest but in a ek
temperature gradient Is

4 vT 2 ) Landau-Lifshitz Fluid Mechanics 49.6
‘ ‘ Kk is the thermal conductivity of the medium
K [ has dimension 1/(length - time)]

KTH/CSC

2

N T y
The “anomalous” mesoscopic entropy production
term Is hence normal 3D macroscopic entropy

C [ ] 2 A as w/ equivalent mesoscopic
50T s
E J‘ Adt | = (t- —t )J' —pdV thermal conductivity (5=3+2)
X,t | f 67/T
\_ o . . [ Kmeso,SD — 5T/0/67/ 1

Antonio Celani, Stefano Bo, Ralf Eichorn, E.A., Phys Rev Lett (2012); Stefano Bo, E.A., Ralf
Eichhorn, Antonio Celani, EPL (2013); Stefano Bo, Antonio Celani, J Stat Phys (2014)
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Effects of rotation and asymmetry A
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p=-0V(x4)- 7% ++/ 2Ty, Brownian particle of
%= p/m e = radius R. We need a
lj=1;mR* I =I')R friction matrix D (in

.d (QI a)) _ . | general notasymmetric) p-=|-r
1 _ 1
Q =To+Q "M +v2Tos | .4, diffusion matrix S.

\ dt / S=17TI"

A multi-scale analysis gives an anomalous contribution to the entropy production
from the angular velocities with a mesoscopic thermal conductivity

1

o T 2m

[ K moso 30 = 2'0TI‘(1—|— — Dj } Yueheng Lan, E.A., arXiv:1405.0663
/4 /4

And an analogous result if also y is promoted to a metrix.
Raffele Marino, Ralf Eichhorn, E.A. (in preparation)

April 14, 2014 Erik Aurell, KTH & Aalto U 12



=21 Mean flow and the advection- A
e diffusion limit

Stokes St — t,  tu Péclet ts Ly St ot 2

I
number t,

L — ot ot

number t, D Pe ts

[p:—aXV<x,zt>—y[rf’1—u(x>]+ Tya, x=p/m } Pe-St = =%

Overdamped limit: St — 0 and Pe const. — gives no effects
Inertial particles limit: Pe — oo and St const.— too difficult (for us)
Advection-diffusion limit: St = Pe™ — 0 — one can do

L
Yueheng Lan, E.A.
AD(u) | _ , ’
xvt[ésenv ) ]_ Ex,t|:j (alujajul +ajulajul):|+o(€) arXiv:1405.0663

t

This matches the other two

2
terms in Landau-Lifshitz l(ékui +o.u, -1, %8-u)2 Li(@-u) }
Fluid Mechanics 49.6 2T
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...and microscopics =

Suppose that the microscopic
entropy production is the
change of the von Neumann
entropy of a bath

Esposito, Lindenberg, van den Broeck, New Journal of Physics 12 013013 (2010)
Pucci, Esposito, Peliti. J. Stat. Mech. P4005 (2013)

Use Feynman-Vernon
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A reminder: fluctuation relations
In Isolated quantum systems

Measurement

l V(1) control l

Initial state of the
system taken to be

alto University

Measurement

In equilbrium
P = [mn| = b [i)(i b, = @(i)(if) mp| F)(F|
" On an isolated system, work done should be: SW|i, f]=E; —E, :
| Unitary time development implies: D(1)=1 )
4 _ I
(o), = X R f i) fle ™ = 2 = e
N | Y

Jorge Kurchan, A Quantum Fluctuation Theorem, cond-mat/0007360
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Other quantum fluctuation relations A
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«= raguire frequent measurements

TR

o
s G, Ol pescror [ [, LML

current
|2 Gate drive / \_ N\ N\

Saira et al, Test of Jarzynski and Crooks
fluctuation relations in an electronic system,

PRL 109, 180601 (2012); Koski et al,
Distribution of Entropy Production in a Single-
Electron Box, Nature Physics 9, 644 (2013);
Hekking & Pekola, Quantum jump approach o} 3
for work and dissipation in a two-level system,
PRL 111, 093602 (2013); Horowitz & TR
Parrondo, New J. Phys 15 085028 (2013) (e_ﬁ(W_AF)) = 1 03 :I: 0.03
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5”? The Feynman-Vernon theory A _

final nd Technology

KTHICSC init init
Pror =Ps @ pg Prot

o= iyl pd = Try o |y | (1]

N .[Wi (v (v (X)w (V) Kgy (Xi Yir Xeo Yy )dxidyidxfdyf

)
\
f L5o K-S [yl is, [al-is, [y.qlriss [a]-1Ss[a] eq
\KFV: dq dq';dg ; 290q' Oxoye " ¥ AT o
,

A J

K B LSs[x]-1ss[y}+io[x,y] | Integrate out the bath...then assume it is
FVv = M € harmonic oscillators and linear coupling...
>

0, y]= 18, [ y1-28 x v = [ 0 =y )0, + ¥, g (5=0) =2 [xg =y )x, =¥, )k, (5w

\_ u<s U<S
J
Aremarkably [ki (s-u) = 3 sinofs- u)} [kr (5-0) =3 oot 2 cosofs -u)
ple tinal result... i i )
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Change of von Neumann entropy A

§ LBy EoNEE
D \ (f] pe™ =2(f|oror | f)

( I
STr[= pg long]——P—Tf[ ([ |pia| £)1og pg? |+ Tr[pg log pg? |+ O(6p?)
\ if )

LY L

5Tr[ PR Iong] pidd_g { B (| pro | f >}‘ . simple terms

\ If Y

For finite € the integrals over the bath are, as in Feynman-Vernon, Gaussian, and...

0 +0(sp?) }

log ™ = n)(n[(F - €, )= AF|n){n]+ p(nle

&=0

N

J
~

Eé—rr[ ,OB |Og 'OB] ’Bf dd Tr J-ﬁxﬁye s X3 Ss [yl silxy]-s [x vl (P+Q+R)+-.
|
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eq ® | | final _
‘pB ‘><‘ TOT‘ppost:%<f‘prg1Tal‘f>
8:O+O(5p2) }

[ éTI’[—pB Iog pB]: —Pidi-rr . IﬁXﬁyehS [ ] SS[Y]"‘ Si [X Y]—ls [X y]— (P+Q+R)

it ~¢
ETE [j(xs—ys)(xu—yu)p(s—u>=%(%sr[x,y])\ Kp(s—u)=—Zf—;isinh 298 6050, (5-1)
[ opyi- [j(xsyuuuys)q(s—u) \ q(s ) =2z -cos o, (s-u) \
RIx,Y1= [[(xgy, =%, ¥g)r(s-u) 1 r6- U) =1 5 coth i (s - )

P, Q and R are new terms, of similar type but not the same as in Feynman-Vernon.
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Caldeira-Leggett model... A
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KTH/CSC Q : 1 ( )
Ohmic spectral density of f(0)C2(0) _ 250’

[ Z _>£ f@)do }the bath oscillators | me)

First spectral cut-off Q is taken large. Then a [ QhB <<1 )
high-temperature limit is taken such that )

[Si[x, y]:—%f(xS - ¥ )X, = ¥.) + potential renormalization } [ S.Ixyl= I(X =Y,) }

4 )
_ __ P dT 185 [xI-48s [yl si[xy 128, [x.y]-e(P+Q4 R )s.. 2
éTr[ PR IngB]— P—d— r. jme -0 +O(5p )
\p(S—U)z ;;ZZ 5(S—U) Il P[X; y]:_hz’]ﬂzj‘(xs_ys)2 :_%Sr[)g y] )
q(s—u) ~ ~2n5(s - u) QIx,y1=n[ %Y, + boundary terms
r(s—u)~~iz50(s-u) RIX, Y1 = 1% [ %Y, =¥ = 28,1, y] + bound. terms
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Simple consequence A
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E Mr[‘ rg 109 g ]: pidi ([ ooy SPTS DS DT bl QiRr

5 +0l0?) }

E=
The most divergent new term in exponent is Qx, y]=7 j XY
§

B
This gives a contribution to the entropy change <ﬂ¢7 j X ys>f

\__f Y,
-~ ~

[ (cnvyax =[ - pv2dt

Compare the work done on the system by a

friction force (heat transferred from a bath) )

By Clausius’ formula the entropy production In )
: L : &, = dt I
the bath by reaction to the friction force is then o I pn The same!

J

The other (sub-leading) contributions are more tricky to compute. ..
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The two sorts of entropy A
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~= production in Feynman-Vernon

R 1—! | R

o )
P = [wre O Wi (v ws (v () KE, (%%, v, b dydlx, dy
LS x5S SRIx,y|-1s7[x,
— Trfl -[Me S [ ] S [y]+h [X y] 7 [X y]

N /
4 I

The two sides have different structure. At |; f]z_<ASS X1+ ASg [y A v+ 48 % Y]

best, if there are frequent measurements.. L | Rif )

And in this case (frequent measurements) | AS[x]=aSs[y]=0 | . kind of natural
one can get equality between the two
sides if time reversal leads to...

| AS[x,y]=-/R | ...can actually be true

( AS,[x,y]=-B(P +Q) | .. .not true for friction
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