
Lecture 1:  

2D vs 3D turbulence: Inviscid invariants & turbulent cascades 

Thin fluid layers: coexistence of 2D and 3D turbulence 

Lecture 2: 

Rotation & Stratification effects on thin fluid layers 

Turbulent cascade in 3D helical turbulence   

Stefano Musacchio  CNRS, Lab. J.A. Dieudonné, France 



Rotating thin fluid layers 



Thin fluid layer in a rotating reference frame 
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Energy spectra of horizontal (solid lines) and vertical velocities (dotted line)  
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Confinement 
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Rotation 



Energy flux toward large scales Energy flux toward small scales 

Rotation enhances the inverse cascade, but confinement is necessary. 
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Vertical cuts of horizontal velocity 

Non-rotating thin layer (R=0 S=0.1875)    

Rotating thick layer (R=1.5 S=4)  Spectral energy flux 



Enstrophy flux 

Enstrophy production 

Enstrophy production 
is suppressed by 
confinement and 
rotation 

Non-rotating thin layer  
(R=0 S=0.1875) 

Rotating thick layer  
(R=1.5 S=4)  



Stratified thin fluid layers 



Boussinesq eq.  

Brunt-Väisälä frequency 

Thin fluid layer  
with a stable mean density gradient 
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Layered structures  (“pancake vortices”) 
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At fixed aspect ratio S the energy growth rate reduces 
as the stratification increases   

A. Sozza, G. Boffetta, P. Muratore-Ginanneschi, SM, Phys. Fluids 27, 035112 (2015)  
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L. M. Smith, F. Waleffe, Fluid Mech. (2002), vol. 451, pp. 145–168   



The complete suppression of the 
inverse cascade occurs when  

Inverse 
cascade 
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Dimensional transitions  
in confined  

Rayleigh-Taylor Turbulence 



Turbulence in the mixing layer 
between two fluids with different densities 

Rayleigh (1883): unstable stratification in gravitational field 
Taylor (1950): generalization to all acceleration mechanisms 

g Quadratic growth of the 
width of the mixing layer 

E. Fermi & J. von Neumann (1955)  
US Atomic Energy Commission Report AECU-2979 
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Dimensional transition when the width of 
the mixing layer h(t) becomes larger than 
the confining scale Ly 

Confinement in thin vertical layer 
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G. Boffetta, F. De Lillo, A. Mazzino, SM, J. Fluid Mech. 690 426-440 (2012) 

3D turbulence at small scales   2D turbulence at large scales 
Kolmogorov-Obukhov   Bolgiano-Obukhov 



time 

Quasi 1D geometry 
Lx = Ly << Lz 

Transition from super-diffusive 
to sub-diffusive growth of the 
mixing layer  
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Inverse energy cascade  
in  

3D isotropic helical turbulence  
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Helicity is an inviscid invariant  
of 3D Navier-Stokes equation 
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1)  Joint direct cascade of E and H 

2) Direct cascade of H 
    Inverse cascade of E 
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Joint direct cascade of E and H  
with Kolmogorow spectrum  



Joint direct cascade of E and H  
with Kolmogorov spectrum  
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Rotation can induce an inverse energy cascade + direct helicity cascade 

No rotation Rotation 



P. Constantin & A. Majda 1988 Commun. Math. Phys. 115, 435-456 
F. Waleffe 1992 Phys. Fluids A 4, 350–363  

Eigenvectors of curl operator 

Energy  

Helicity 

Navier-Stokes equations 



Class I:  
Large-scale 
energy transfer 

Class II, III, IV:  
Small-scale 
energy transfer 

F. Waleffe 1992 Phys. Fluids A 4, 350–363  



Class I:  
Large-scale 
energy transfer 

Decimate Navies-Stokes eq.  
keeping only the interactions  
between modes with positive 
helicity 



Projector on positive/negative helicity states 

Decimated Navier-Stokes equation (only triadic interactions with positive helicity) 

Two positive-defined inviscid invariants 



Negative spectral flux of energy 

Power-law energy spectrum  

L. Biferale, SM, F. Toschi, Phys. Rev. Lett. 108 
164501 (2012) 



Positive spectral flux of helicity 

Power-law energy spectrum  

L. Biferale, SM, F. Toschi, J. Fluid Mech. 730, 309 (2013) 

No dissipative anomaly  
for kinetic energy 



L. Biferale, SM, F. Toschi, J. Fluid Mech. 730, 309 (2013) 



Gaussian PDF for velocity 
in the inverse energy cascade 

Small-scale intermittency  
in the direct helicity cascade 

L. Biferale, SM, F. Toschi, J. Fluid Mech. 730, 309 (2013) 



L. Biferale, SM, F. Toschi, J. Fluid Mech. 730, 309 (2013) 

Exact relation for 3rd order correlation function 



L. Biferale, SM, F. Toschi, J. Fluid Mech. 730, 309 (2013) 

Exact relation for 3rd order correlation function 



Helical decimated Navier-Stokes 

Inverse energy cascade in 3D isotropic turbulence 

Helicity has a definite sign 

Partial decimation?   (see Sahoo’s talk)   

Helical forcing alone is not enough  

Rotation (two-dimensionalization)  
P.D. Mininni and A. Pouquet,  
Phys. Fluids 22, 035105 (2010) 



Two cases of 3D turbulent flows in which a positive inviscid invariant  
causes a reversal of the energy cascade. 

Thin fluid layers:  

Enstrophy is a quasi-invariant (conserved by large-scale dynamics)  
Split energy cascade (inverse + direct cascade) 
Direct enstrophy cascade at intermediate scales 

Rotation favours the inverse cascade 
Stratification suppresses the inverse cascade  

Helical-decimated Navier-Stokes:  

Helicity is positive defined 
Inverse energy cascade in 3D isotropic turbulence  



Turbulence in Fractal Dimensions 



EDQNM Closure: Energy-inertial solutions with spectrum 5/3  
  exist for arbitrary dimension  

  The direction of the cascade reverses at d = 2.05 
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Turbulence in d = 4/3 Equilibrium state with equipartition of enstrophy 
   Gaussian statstics  

U. Frisch, A. Pomyalov, I. Procaccia, S.S. Ray, Phys. Rev. Lett 108, 074501 (2012) 

Numerical simulations of Turbuence in non-integer dimensions  

Fractal Fourier decimation 



U. Frisch, A. Pomyalov, I. Procaccia, S.S. Ray, Phys. Rev. Lett 108, 074501 (2012) 

Fractal Fourier decimation 

Equilibrium Gibbs state with Kolmogorov spectrum at D=4/3 

Inverse cascade persists below D=2  
Kolmogorov constant diverge as 



THE END 


