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When a system driven by thermal noise is characterized by a 
probability current, the fluctuation–dissipation theorem and 
detailed balance apply in a co-moving reference frame. 



Modified detailed balance for NESS 

The detailed balance takes place in the reference frame  
moving in σ-space with the velocity 

𝑈𝑈(𝜎𝜎) = 𝐹𝐹/𝑃𝑃(𝜎𝜎) 

Moral: many NESS have only one degree of freedom deviated from equilibrium;  
it could be eliminated by passing to a Lagrangian reference frame. 
 
                                           Turbulence is not like that. 

𝜕𝜕𝑡𝑡𝑃𝑃 𝜎𝜎, 𝑡𝑡 = 𝜕𝜕𝜎𝜎𝐹𝐹  
  

𝐹𝐹 = 𝐻𝐻′𝑃𝑃 + 𝜇𝜇𝛾𝛾2𝑃𝑃′ 



Time is greater than space.  
Space is an entity, time is in essence a thought of an entity. 
                                                                                         J Brodsky 



Two-particle manifestations of the cascade  
and irreversibility 

Consider two particles and their velocity difference u measured at 
the distance R 

Hypothetical long-time Richardson law 

Exact short-time laws for 2d and 3d 



If we follow a single fluid particle  
and the only thing we know is the velocity v(t) 
how to tell if we are in turbulence? 



3D 2D 



Fluctuation-dissipation theorem? 

Lagrangian description of ideal flows is canonical Hamiltonian 
with Bernoulli invariant, as Hamiltonian 

Since the “coordinate” conjugated to the force f is v then FDT 
would mean that the time derivative 

is equal to the response function 

for 

= −𝑑𝑑 < |𝑣𝑣 𝑡𝑡 − 𝑣𝑣 0 |2 >/2𝑑𝑑𝑡𝑡 



If we follow a single fluid particle and  
the only thing we know is the velocity v(t) 
how to tell if we are in turbulence? 

Statistics of the velocity difference is time reversible 
in a stationary incompressible turbulence: 

Then consider the energy 𝐸𝐸 = 𝑣𝑣2/2 



Data from all available energy cascades 

A von Kármán swirling water flow between two counter-rotating baffled disks. The flow is 
confined in a cylindrical tank with an inner diameter of 48.3 cm and a volume of 120 L. The 
propellers are 20 cm in diameter, each with 12 vertical vanes 4.3 cm in height. The axial 
distance between the propellers is 33 cm. 
Particle Tracking Measurement. The Lagrangian trajectories of the fluid were obtained by 
optically following tracer particles seeded in the flow. The tracers were polystyrene spheres 
with diameters of 26 μm. These tracer particles were illuminated by pulsed frequency-doubled 
neodymium-doped yttrium aluminum garnet lasers, with intensity up to 130 W. Their motion 
was then recorded by three high-speed complementary metal oxide semiconductor (CMOS) 
cameras from different viewing angles. Finally, the images were processed to obtain particle 
trajectories in 3D space and in time. 

Three-Dimensional  Numerical  Simulations 
The results of direct numerical simulation (DNS) of 3D turbulent flows presented in this work 
came either from simulations in Lyon at a relatively low Reynolds number, obtained directly 
using a pseudospectral code developed at Johns Hopkins University 
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The statistics of the energy increments 







A fast particle takes flight and then sharply decelerates 



Role of different forces in power fluctuations 



Role of different forces in power fluctuations 



Standard deviations as functions of Reynolds numbers 



CONTRIBUTIONS OF PRESSURE, DISSIPATION AND FORCING 
TO THE THIRD MOMENT OF POWER in 2d 

The main contribution to the third moment of the power fluctuations 
comes from pressure. 



CONTRIBUTIONS OF PRESSURE, DISSIPATION AND FORCING 
TO THE THIRD MOMENT OF POWER in 3d 

The main contribution to the third moment of the power fluctuations 
comes from the cross-correlation of the pressure with dissipation. 



The role of pressure in redistributing kinetic energy 

3D 

2D 



Our 3D world is unfair: From rich to poor, from slow to fast.  



Burgers turbulence 𝑢𝑢𝑡𝑡 + 𝑢𝑢𝑢𝑢𝑥𝑥 = 𝑓𝑓 + ν𝑢𝑢𝑥𝑥𝑥𝑥 



Burgers turbulence 



Burgers turbulence 



Burgers turbulence 



Burgers turbulence 



Take-home lesson 

One can quantitatively determine  
the degree of non-equilibrium of large  
system by measuring irreversibility of  
 time evolution of a single degree of  
freedom. 



Summary 
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